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Abstract

We introduce a top-down no-arbitrage model for pricing structured products. The losses

are described by Cox processes whose intensities depend on economic variables. The model

provides economic insight into the impact of structured products on the risk exposure of

�nancial institutions and systemic risk. We estimate the model using CDO data and �nd

that spreads decrease with higher interest rates, and increase with volatility and leverage.

Volatility is the primary determinant of variation in tranche spreads, but leverage and inter-

est rates are more closely associated with rare credit events. Model-implied risk premiums

and the probabilities of tranche losses increase substantially during the �nancial crisis.
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1 Introduction

Asset securitization has played a major role in �nancial markets by providing an important

source of �nancing for households, businesses, and �nancial institutions.1 Following a period

of rapid growth in the securitization market after 2000, origination of new structured products

declined to 1996 levels during the credit crisis (Richardson, Ronen, and Subrahmanyam, 2011),

but markets have started to recover since 2014.

The most obvious approach to valuing structured products is the bottom-up modeling of the

assets in the collateral pool. However, the complexity involved in modeling structured products

from the bottom up can be enormous. The inherent complexity of the bottom-up approach

has led to the development of top-down approaches for both valuation and risk management.

The top-down approach models the aggregate cash �ows without identifying which assets have

defaulted. This paper introduces a top-down valuation model for structured products that explic-

itly takes into account the dependence of tranche losses and aggregate cash �ows on observable

covariates. This approach follows an extensive existing literature on term structure and credit

spread modeling. See for instance Ang and Piazzesi (2003), Bakshi, Madan, and Zhang (2006),

and Doshi, Ericsson, Jacobs, and Turnbull (2013).

Modeling the dependence of aggregate cash �ows, rather than individual defaults, on observ-

able covariates is intuitively appealing, especially for collateral pools containing large numbers

of assets. Our approach can be used to undertake scenario analysis, where scenarios are typi-

cally described in terms of changes in di¤erent economic variables, such as increases in interest

rates or volatility. Such models are readily available for other credit-risky securities, but not for

structured products, which are much more complex to value.

Our modeling approach builds on Lando (1998) and Longsta¤ and Rajan (2008). We ex-

1Mortgage-backed securitizations originated in the early 1970s, and still represent the largest component of
the asset-backed securities market. Subsequently, many other types of prime and subprime assets have been
securitized, such as commercial mortgages, equipment leases, automobile loans, trade receivables, credit cards
and student loans.
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tend the Longsta¤ and Rajan approach by assuming the losses are determined by independent

Cox processes, and that the intensity of each Cox process depends on economic covariates. The

economic covariates are modeled using autoregressive processes, consistent with the existing

literature on term structure and credit spread modeling. Using these general and realistic as-

sumptions, we obtain closed-form solutions for the losses on the collateral pool and the tranche

prices.

We illustrate our top-down model with a valuation exercise for collateralized debt obligations

(CDOs), using the tranches of the CDX over the period August 2005 to August 2015. This

period includes the credit crisis. The collateral pool for the CDX consists of 125 credit default

swaps written on North American investment-grade corporates. Following a speci�cation search,

we implement the model on CDX data by specifying the probability of loss as dependent on

three economic covariates: the average volatility of �rms that form the CDX index, the average

leverage for these �rms, and the Treasury bill yield. The relevance of each of these covariates

to explain default and loss has been documented by �nance theory and the existing empirical

evidence based on �rm-level data, and our empirical investigation is consistent with these �ndings.

Despite the parsimonious nature of the model, it is able to capture the time-series variation in the

tranche spreads, as well as the cross-sectional di¤erences between the tranches. The impact of

the economic variables on CDO spreads is economically plausible: spreads decrease with higher

interest rates, increase with higher leverage and increase with higher stock market volatility. A

variance decomposition shows that of the three variables, volatility explains more of the variation

in tranche spreads than the T-bill and leverage.

Because the cross-section of CDX tranche spreads embodies market expectations of the entire

distribution of losses, the role of the economic covariates in explaining the time-series and cross-

sectional variation in credit spreads also re�ects the role of each covariate throughout the business

cycle. The model is also informative about rare events and tail risk, which is a major concern

for �nancial economists. Changes in the T-bill and leverage are more closely associated with tail
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risk, while changes in volatility are more informative about smaller �uctuations in credit risk.

The relation between the tranche prices and �rm-speci�c and macroeconomic determinants

of credit risk can also be studied using simple methods such as regressions, but our approach

imposes no-arbitrage and ensures consistent pricing across tranches. Explicitly modeling the

dependence on economic covariates also makes it possible to analyze the links between a securi-

tized product and other securities in the portfolio. Moreover, modeling the impact of economic

variables on the valuation of di¤erent tranches is of great interest to �nancial institutions and

regulators. Financial institutions are concerned about hedging di¤erent types of economic risks

and computing risk measures. Regulators are concerned about the impact of changes in the

economic environment on the �nancial institution�s systemic risk. These risk assessments are

facilitated by relating the factors driving valuation to economic variables, which is not straight-

forward with latent factor models. As in Longsta¤and Rajan (2008), our no-arbitrage framework

models both the physical and risk-neutral dynamics, which facilitates various risk management

applications and allows us to infer risk premiums.

We illustrate the �exibility of our approach by computing model-implied loss probabilities for

di¤erent tranches. The loss probabilities are reasonable. The model also provides a remarkably

good �t for index spreads. This is an out-of-sample exercise because these index spreads are not

used in model estimation. Risk premiums are highly time-varying. Both the probability of loss

and the risk premium increase signi�cantly in the recent �nancial crisis.

Our approach builds on a growing literature that documents the link between default and

observable covariates. Shumway (2001), Du¢ e, Saita and Wang, (2007), and Chava, Stefanescu

and Turnbull (2011) show that the probability of corporate default depends on �rm-speci�c and

macroeconomic factors. Eom, Helwege and Huang (2004), Longsta¤, Mithal and Neis (2005),

and Doshi, Ericsson, Jacobs, and Turnbull (2013) �nd that credit spreads are driven by �rm

speci�c and macroeconomic factors. The empirical literature on consumer loans documents that

macroeconomic as well as consumer-speci�c information can be used to model and predict default,
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which is relevant for structured products.2

Our paper is related to Coval, Jurek, and Sta¤ord (2009), who also examine the pricing of

CDX index tranches.3 Coval, Jurek, and Sta¤ord use state prices from 5-year index options

together with a parametric structural credit risk model to obtain the distribution of the tranche

cash-�ows at maturity. Our modeling approach di¤ers in two important dimensions: First, it is

reduced form in nature as opposed to structural; Second, it emphasizes the role of observable

covariates in pricing CDX tranches. Furthermore, the implementation and calibration approach

is very di¤erent in both studies. Coval, Jurek, and Sta¤ord (2009) use option data in estimation

to study whether tranche prices are consistent with option prices. Our focus is limited to the

credit markets.

The paper proceeds as follows. Section 2 presents the model and discusses index and tranche

pricing. Section 3 discusses the data and the implementation of the model. Sections 4 and 5

discuss the empirical results, and Section 6 concludes.

2 A No-Arbitrage Model for Structured Products with

Economic Determinants

In this section, we describe the pricing model for the tranches of a structured product. This

model can generally be applied to any structured product, but to facilitate exposition we discuss

the case of a credit index, which we will use in the empirical work below. We �rst present general

expressions for pricing the credit index and the tranches on this index (see also O�Kane, 2008).

Subsequently we discuss the covariate dynamics and the resulting pricing formulas for our speci�c

model assumptions.

2See for instance Gross and Souleles (2002) and Wyss, Borts, and Liu (2013).
3See also Collin-Dufresne, Goldstein, and Yang (2012) and Seo and Wachter (2018).
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2.1 Index Pricing

The pool for a structured product generally consists of a large number of assets. In the case of the

investment grade CDX index, which we will use in the empirical work, the portfolio consists of 125

�rms. When an investor purchases protection on a credit index, she is essentially insuring against

the average risk of the entire portfolio. The buyer of the protection makes quarterly payments

based on the amount of the notional left in the portfolio. Consider the determination of the

price of protection St at any time t. Note that St is indexed by t because the price of protection

varies over time, but it is constant over the life of the contract initiated at t. Let It denote the

remaining notional at time t. The protection buyer promises to make payments ITj�1St�j at

each payment date Tj, where �j � (Tj � Tj�1) is the time between successive payment dates.

The time t present value of the payments by the protection buyer to the protection seller - the

premium leg - is

PBt = St

nX
j=1

�jEt[Y (t; Tj)]Et[ITj�1 ] (1)

where Et denotes the expectation under the risk-neutral measure, Y (t; Tj) is the discount factor

for the payment date Tj, which is assumed to be independent of the default process and n is

the number of payment dates during the life of the contract. We denote B(t; Tj) = Et[Y (t; Tj)],

where B(t; Tj) represents the present value at time t of receiving one dollar for sure at time Tj.

We follow market convention and use the LIBOR curve for determining B(t; Tj).

Let Lt denote the cumulative portfolio loss up to time t. During period (Tj�1; Tj], if the

portfolio losses are (LTj �LTj�1), the protection seller makes a payment of (LTj �LTj�1) at time

Tj to the protection buyer. The time t present value of the payments by the protection seller is

PSt =
nX
k=1

B(t; Tk)Et[LTk � LTk�1 ]: (2)
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The value of the index to the protection buyer at any time t is

Vt = PBt � PSt: (3)

The price of protection St is set such that the value of the index is zero, Vt = 0. At any time

during the life of the contract, we can determine the value of the index by evaluating the values

of the premium and protection legs.

2.2 Tranche Pricing

The valuation of a tranche of a structured product, such as a tranche on a credit index for

example, follows a similar approach. As in the case of the index, the premium that an investor

pays for a tranche is computed by equating the present value of the payments by the protection

buyer to the present value of the payments by the protection seller. The dollar amount of the

premium depends on the notional left in the tranche.

The cumulative dollar loss for a tranche with an attachment point A and detachment point

B is de�ned as follows:

Lt;AB = [Lt � A]+

where [X]+ = max(X; 0). Note that the total exposure of the tranche, M , is equal to B � A,

which is the maximum loss for the tranche. The protection buyer promises to make payments

[M � LTj�1;AB]+St;AB�j; where [M � LTj�1;AB]+ is the notional remaining in the tranche, St;AB

is the time t cost of protection for a tranche with an attachment point A and detachment point

B and �j � (Tj � Tj�1) is the time between successive payment dates. The time t present value

of the payments by the protection buyer to the protection seller - the premium leg - is

PBt =

nX
j=1

1

M
B(t; Tj)St;AB�jEt[[M � LTj�1;AB]+] + UFt;AB (4)
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where UFt;AB represents any up-front fees paid at time t for a tranche with an attachment point

A and detachment point B.

Each time a default occurs, the protection seller makes a payment of the loss given default to

the protection buyer, if A < Lt � B. The time t present value of the payments by the protection

seller is

PSt =

nX
j=1

1

M
B(t; Tj)Et[[M � LTj�1;AB]+ � [M � LTj ;AB]+] (5)

Similar to the pricing of the index, for UFt;AB = 0, we can equate the present value of the

payments by the protection buyer to the present value of the payments by the protection seller

to obtain the premium for each tranche St;AB. For UFt;AB 6= 0, we can �nd combinations of

St;AB and UFt;AB that equate the present value of the payments.

2.3 Modeling the Aggregate Loss

So far, we have described the general principles for the valuation of a tranche. Now we describe

the model that will allow us to evaluate the expectations needed to compute the premiums for

each tranche.

We start with the model that describes the loss distribution of the portfolio. The loss distrib-

ution is modeled as a Poisson process: each time a jump occurs, the loss increases by an amount

. We normalize the notional of the portfolio to unity without loss of generality. The cumulative

portfolio loss at time t, denoted by Lt, is given by

Lt = 1� exp(�Nt) (6)

where Nt is the number of jumps by time t. The loss is de�ned between [0; 1]. The intensity is

described by a Cox process, which is sometimes referred to as a doubly stochastic process. The
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intensity is assumed to be a quadratic function of the covariates:

�t = (�+ �
0Zt)

2 (7)

and is measurable at time t, where � is a constant, Zt a (q by 1) vector of covariates and � a (q

by 1) vector of loadings. It is assumed that the factors can be described by the following AR(1)

dynamics under the risk neutral measure:

Zt+1 = �+ �Zt + �et+1 (8)

where et+1 � N(0; I), I is a q by q identity matrix, and � and � are q by q matrices.

In order to value the tranche, we need to compute expectations of the following form, as in

equation (4) for example:

B(t; Tj)Et[[M � LTj�1;AB]+]:

Given the dynamics of the portfolio loss and the intensity process that drives the loss, this

expectation can be re-written in the following form.

B(t; Tj)Et[[M � LTj�1;AB]+]

= B(t; Tj)Et[[M � (LTj�1 � A)+]+]

= B(t; Tj)

1X
m=0

Pt[NTj�1 = m][M � [(1� exp(�m))� A]+]+

Therefore, in order to compute the expectation, we need to compute the probability of m jumps

for the Poisson process. Rather than focusing on speci�c moments, we now describe the moment

generating function that we need to evaluate to compute these probabilities.

We want to determine the probability distribution describing the number of events between
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times t and t+ h. The conditional distribution is a Poisson process with intensity

�t+h =

h�1X
j=0

�t+j

so that

Pt[Nt+h = m j �t+h] =
(�t+h)

m

m!
exp(��t+h): (9)

Since the intensity is a Cox process, the probability distribution of the number of jumps is de�ned

as follows.

Pt[Nt+h = m] = Et

�
(�t+h)

m

m!
exp(��t+h)

�
:

The expectation required to compute the probability distribution can be computed using the

moment generating function. Denote the moment generating transform

�t;t+h(u) = Et[exp(u�t+h)] (10)

where u 2 R. The mth derivative with respect to the parameter u is

�
(m)
t;t+h(u) = Et[(�t+h)

m exp(u�t+h)]

Therefore,

Pt[Nt+h = m] =
1

m!
Et[(�t+h)

m exp(��t+h)] =
1

m!
[�
(m)
t;t+h(�1)] (11)

Given the dynamics of the intensity and the covariates in equation (7) and (8) respectively, the

moment generating function can be computed in closed form up to a recursion. The derivatives

necessary to compute the probabilities can also be computed in closed form up to a recursion.

Appendix A and B provide additional information about these computations. Note that our

solution method di¤ers from the conventional approach, which uses partial di¤erential equations.

See Longsta¤ and Rajan (2008) for a prominent example of this approach. Introducing Cox
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processes into this approach would greatly complicate the solution process. The use of the

moment generating function provides a tractable alternative.

2.4 The Multifactor Model

The model for aggregate loss that we described so far allows for only one Poisson process. In

this section, we describe the multifactor model used in our empirical implementation. In our

benchmark implementation, we model the loss distribution using two independent autonomous

Poisson processes.4 The cumulative portfolio loss is described by the following dynamic,

Lt = 1� exp(�
2X
j=1

jN
(j)
t ) (12)

where N (j)
t is the number of jumps for intensity process j by time t and j is the jump size for

each process. Following the univariate case, the intensity is assumed to be a quadratic function

of the covariates:

�j;t = (�j + �
0
jZt)

2 (13)

where j = 1, 2, �j is the q by 1 vector of loadings, and Zt is the q by 1 vector of covariates which

follow the dynamic reported in equation (8). In our empirical work, we use three observable

covariates for each intensity (q = 3). The multifactor no-arbitrage CDO pricing model requires

the intensity processes to be independent. Given this requirement, the expectations in equations

(4) and (5) for the model with multiple jump processes can be computed as a simple extension

of the model with one Poisson process. Speci�cally, this expectation is de�ned as follows.

Et[[M � LTj�1;AB]+] (14)

=
1X
a=0

1X
b=0

Pt[N
(1)
Tj�1

= a]Pt[N
(2)
Tj�1

= b]�

[M � [(1� exp(�1a� 2b)� A]+]+

4The Online Appendix discusses alternative implementations.
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Therefore, all we need to compute the expectation is the probability of a jump for each intensity

process, which can be achieved using the moment generating function described earlier and the

recursions reported in the Appendix.

As mentioned earlier, the multifactor no-arbitrage model requires the intensity processes to be

independent. When working with multi-factor latent models, such a condition can be imposed

ex-ante without creating a methodological inconsistency, but this is not the case in a model

with observable covariates. The covariates will typically be correlated, which induces correlation

in the intensity processes. We resolve this potential inconsistency by expressing the covariates

as a function of principal components, which are orthogonal by construction. Note that this

still allows us to study the impact of each of the covariates separately. Given the assumption

of multivariate normality, the principal components are also independent. Consider the jth

principal component, given by PCj;t = �
0
jZt, where �j is a (q by 1) vector of factor loadings and

Zt a (q by 1) vector of covariates. We can then re-state the intensity function as follows,

�j;t = (�j + �jPCj;t)
2 = (�j + �j�

0
jZt)

2:

In our implementation, we use two principal components extracted from the three covariates.

These two principal components capture 98:3% of the variation in the covariates.

3 Data and Estimation Method

We illustrate the mechanics of the model with a valuation exercise for CDOs, using the tranches

of the CDX index. We �rst discuss the evolution of the CDO market. We then discuss the CDX

data and the covariates used to explain the spreads. Finally, we discuss our estimation strategy.
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3.1 CDO Markets

Data on CDO trading and issuance activity are provided by the Securities Industry and Financial

Markets Association (SIFMA). Panel A of Figure 1 presents the dollar notional outstanding

amount for the entire CDO market for 1995-2015. This includes CDOs, collateralized loan

obligations (CLOs), synthetic funded CDOs, and other types of CDO structures. There is a

large increase in the CDO notional outstanding between 1995 and 2007. The notional outstanding

decreases during and after the �nancial crisis of 2008 but recovers from 2014 onwards. Panel

B presents the dollar notional outstanding for CLOs only. The overall notional outstanding

for CLOs increases between 1995 to 2007 and also declines somewhat in the �nancial crisis.

However, the outstanding notional in the CLO market recovers quickly after the �nancial crisis

and currently exceeds the level from before the �nancial crisis.

Panels C and D of Figure 1 plot the 22-day moving average of the daily par amount traded

and the daily number of trades in the CDO market, respectively. These data are obtained

from SIFMA, and are available starting in May 2011. The daily par amount traded is on average

around $350 million and has not changed substantially between 2011 and 2015. The daily number

of trades is on average around 40, and there is a slight upward trend between 2011 and 2015.

We conclude that overall activity in the CDO market is increasing, but has not returned to

the levels seen in 2007. The CLO market has been steadily expanding and was only temporarily

a¤ected by the �nancial crisis.

3.2 CDX Data

In principle the model in Section 2 can be applied to the valuation of any structured prod-

uct, based on pools of mortgages, credit card debt, student loans, or car loans. Because it is a

top-down approach, we can model pools with thousands of assets, which are very common. To il-

lustrate our approach, our empirical application uses the tranches of the CDX. The collateral pool

for the CDX consists of 125 credit default swaps written on North American investment grade
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names. This empirical application is therefore informative about overall economic activity, as

opposed to one particular loan portfolio. It also allows us to investigate some of the implications

of our modeling approach by referring to well-known corporate defaults and economywide events

in the sample period. These defaults are relatively rare because the names are investment grade,

and the relation between the variation in default probabilities for these names and the business

cycle can be easily understood. This allows us to learn about rare events, and the estimation of

the severity of downturns in the economy is a major concern for �nancial economists.

We collect weekly data from Markit for the �ve-year maturity on-the-run investment grade

CDX index tranches between August 24, 2005 and August 26, 2015. We exclusively use on-

the-run tranche data in our sample. During the sample period, the market experienced several

institutional changes that have important implications for the composition of our sample. First,

prior to September 2010, the composition of the pool of 125 names that constitute the index

changes ("rolls") every six months, on March 20 and September 20 of each calendar year. From

September 20, 2010 onwards, the index rolls only once a year, that is, even numbered index series

no longer had traded tranches and the odd numbered index series are on-the-run for an entire

year. For example, the on-the-run index tranches from September 20, 2010 to September 20,

2011 correspond to CDX index series 15. The next set of on-the-run index tranche corresponded

to series 17, and so on.

The second institutional change is that the tranche attachment and detachment points change

during the sample. Between August 24, 2005 and September 2010, there are �ve traded tranches:

0-3%, 3-7%, 7-10%, 10-15% and 15-30%. From September 2010 onwards, there are four traded

tranches: 0-3%, 3-7%, 7-15%, and 15-100%. Third, the quoting convention of the tranches

changes during the sample period. Prior to September 2008, the only tranche that was quoted in

up-front payment convention was the equity tranche, using a running spread of 500 basis points.

Between September 2008 and September 2010, a few other tranches also traded based on up-front

payment convention quotes. From September 20, 2010 onwards, all tranches are quoted in terms
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of up-front percentage points.

Because of these institutional changes, we proceed as follows with the data. Between August

2005 and September 2010, we obtain weekly data for �ve tranches: 0-3%, 3-7%, 7-10%, 10-15%

and 15-30%. Between September 2010 and August 2015 we obtain weekly data for four tranches:

0-3%, 3-7%, 7-15%, and 15-100%. For the tranches that are quoted in up-front percentage points,

in the benchmark implementation we convert the up-front percentage points into spreads using a

Gaussian copula to facilitate comparison across tranches.5 We use Libor-swap rates to compute

the risk-free discount rates. We use data on 1-month, 3-month, 6-month Libor rates and 1, 2, 3,

4, and 5 year maturity swap rates. The Libor-swap data is from Bloomberg. We bootstrap the

zero rates from the Libor-swap curve and interpolate to obtain the risk-free discount rates for

di¤erent horizons ranging from three months to �ve years.

Our focus on on-the-run tranche data also has implications for the sample. Data are readily

available every week until September 2008, but the availability of data for on-the-run CDX index

tranches declines dramatically for a two-year period after September 2008. During this period,

data for the o¤-the-run CDX index series 9 are more extensively available, but we focus on on-

the-run data for consistency and because of the higher liquidity in the on-the-run data for most

of the sample period. This approach results in large gaps in the data between September 2008

and September 2010.

Figure 2 depicts the weekly market spreads in basis points for all tranches over the entire

sample period. The panels on the left present the tranche spreads prior to March 2010. The

panels on the right present the tranche spreads starting in September 2010. The gaps in the

data are due to the non-availability of on-the-run tranches. All tranche spreads rise substantially

during the �nancial crisis of 2007-2008. They also rise substantially in late 2011 during the

Eurozone debt crisis.

Panel A of Table 1 reports the average weekly tranche spread, its standard deviation, the

5We report on an alternative implementation in Section 4.4.
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minimum and maximum spreads, the number of available weekly observations, and the period

for which the tranche is traded. Average spreads decline monotonically as we go from the equity

tranche (0-3%) to the senior tranche (15-100%). Figure 2 and Table 1 indicate that all tranche

spreads have large standard deviations relative to their averages, which is mostly due to the

inclusion of the �nancial crisis in the sample. The senior tranches are characterized by relatively

larger increases in spreads during the �nancial crisis compared to the equity tranche, suggesting

that the correlations among the entities in the CDX index increased substantially during the

crisis.6 For example, the 15-30% tranche increases from a low of 1.9 basis points before the

crisis to a maximum of 157 basis points during the crisis, while the 0-3% tranche increases from

a minimum of around 736 basis points before the crisis to a high of around 4600 basis points

during the crisis.

Figure 2 also indicates several important events. On September 14, 2007, the Chancellor of

the Exchequer authorizes the Bank of England to provide liquidity support for Northern Rock,

the United Kingdom�s �fth-largest mortgage lender. On March 16, 2008, J.P. Morgan takes

over Bear Stearns and the Federal Reserve Board establishes the Primary Dealer Credit Facility

(PDCF), extending credit to primary dealers at the primary credit rate against a broad range of

investment grade securities. On July 15, 2008, the SEC issues an emergency order temporarily

prohibiting naked short selling in the securities of Fannie Mae, Freddie Mac, and some commercial

and investment banks. On June 1, 2009, GM �les for chapter 11. On April 18, 2011, S&P

downgrades its outlook on long-term sovereign debt of the United States to negative from stable

for the �rst time in history. On August 6, 2011, U.S. sovereign debt is downgraded. On October

27, 2011, the European Union announces an agreement to tackle the European sovereign debt

crisis, including a writedown of 50% of Greek bonds, a recapitalization of European banks and an

increase of the bailout fund of the European Financial Stability Facility. On June 9, 2012, Spain

accepts a bailout to assist its failing �nancial sector. On November 19, 2012, French sovereign

6Kitwiwattanachai and Pearson (2015) document an increase in the correlations of corporate distance-to-
default starting in September 2007.
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debt is downgraded. Finally, October 1, 2013 is the start of a shutdown of the U.S. federal

government which will last two weeks. The implications of several of these events are readily

apparent from Figure 1.

3.3 Speci�cation Search

The choice of covariates is critical for our approach. Because model estimation is computationally

intensive, it is not possible to select the covariates based on a comparison of model �t for a large

number of permutations of di¤erent covariates. We therefore use linear regressions to select the

covariates.

We start with a large number of covariates motivated by existing credit risk models and

economic intuition, which include macroeconomic covariates as well as covariates based on �rm-

level data for the constituents of the CDX index. The �rm-speci�c covariates are computed

as the average of the covariates for the individual �rms included in the CDX index at a given

point in time. They include �rm leverage, historical and option-implied volatilities, option-

implied skewness, measures of the option-implied smile, yearly stock returns, and the put-to-call

open interest ratio. Firm leverage is de�ned as the ratio of total liabilities scaled by the sum

of total liabilities and market value of equity. Historical �rm volatility is computed as the

standard deviation of daily returns over the past year. Option-implied volatility is computed

using 30-day at-the-money volatility. The 30-day option implied skewness is measured using the

Bakshi, Kapadia, and Madan (2003) model-free approach. The option implied smile is proxied

by the di¤erence in the volatility of out-of-the-money put options and the volatility of at-the-

money put options scaled by the di¤erence in moneyness. All option data are obtained from

Optionmetrics. Total liabilities are from Compustat and the market value of equity is from

CRSP. The macroeconomic variables included in the speci�cation search are the 90-day T-bill

and the slope of the yield curve measured as the di¤erence between the 10-year yield and the

90-day T-bill rate. Treasury rates are obtained from the Federal Reserve of St. Louis website.
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We use data for all available tranches and the CDX index spreads to perform the speci�cation

search. We run regressions of spreads on all possible permutations of covariates in the speci�-

cation, including tranche and index dummies, and we select our benchmark speci�cation based

on the adjusted R2. We start with the covariate that maximizes explanatory power, and we add

the covariate that provides the highest increase in adjusted R2, provided the increase is 0.25%

or more. This leads to the following three covariates: average �rm leverage, average �rm implied

volatility, and the 90-day T-bill.7 Note that for these covariates, structural credit risk models

can be used to motivate their role as potential determinants of credit spreads.8 The selection of

volatility as one of the covariates is also consistent with the �ndings in Coval, Jurek, and Sta¤ord

(2009), who document the importance of volatility for the pricing of CDX index tranches.

Panel B of Table 1 reports the summary statistics for the three covariates. The average

volatility ranges between 16.2% and 85.5% in the sample with an average of 29.4%. Average

leverage ranges between 44.9% and 63.1% with an average of 49.1%, and the T-bill rate ranges

between 0.00% and 5.00% with an average of 1.2%. Panels A, B, and C of Figure 3 plot the

time-series of the three covariates. The 2008 �nancial crisis is characterized by high volatility,

high leverage, and declining interest rates.

3.4 Estimation and Implementation

The pricing model in Section 2 is obtained under the risk-neutral measure Q. We assume that

under the risk-neutral measure Q, the three covariates are described by the AR(1) in equation

(8). The covariates are of course observed under the physical measure P . To change from the

risk-neutral measure to the physical measure, we specify the market prices of risk by requiring

7One of the assumptions underlying the pricing formulas is that the discount rates are independent of the
default process. This may be unrealistic when using the T-bill as one of the covariates and the LIBOR as the
proxy for the discount rate. In the Online Appendix, we re-estimate the model with a constant discount rate.
Results are very similar.

8Alternatively, one can use marketwide measures based on the S&P 500 index instead of averaging �rm-speci�c
option measures. The adjusted R2 for the model with index volatility, average leverage, and the T-bill is similar
to the R2 for the benchmark model.
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the Radon�Nikodym derivative to take the form

�P

�Q
=

exp (��0tet+1)
Et[exp (��0tet+1)]

, (15)

where �t is an q� 1 vector, with q the number of factors that are priced. Given this assumption

and the risk-neutral dynamic (8), the dynamics of the state variables Zt under the physical

measure are given by

Zt+1 = �+ �Zt + �et+1 � ��t. (16)

We assume time-varying prices of risk that are a linear function of the state variables:9

�t = �0 + �1Zt, (17)

where �0 is an N � 1 vector and �1 is an N � N matrix. The dynamics of the state variables

under the physical measure can therefore be written as

Zt+1 = �
P + �PZt + �et+1, (18)

where �P and �P are given by

�P = �� ��0 (19)

�P = �� ��1:

Given this setup, estimation proceeds in two steps. First, we estimate the parameters of

the physical AR process (18) using maximum likelihood. This is straightforward because the

covariates are observed. In a second step, we minimize the root-mean-square-error (RMSE)

to obtain estimates for the prices of risk and the loadings of the intensities on the (principal

9See Ang and Piazzesi (2003), Ang, Boivin, Dong, and Loo-Kung (2011), and Le, Singleton, and Dai (2010)
for studies in the �xed income literature that make this assumption.
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components of the) covariates. Because the covariance matrix � is the same under the Q and P

measures, in the second step we �x it at the values estimated in the �rst step.

We perform joint estimation of all tranches, guaranteeing consistent pricing across tranches.

This is a challenging problem, because we use only three covariates and constant loadings to

capture time-variation in four or �ve tranches. Note also that the average spread is very di¤erent

across tranches, as evident from Panel A of Table 1. We therefore minimize the RMSE based

on the relative or percentage error (market value minus model value, divided by market value),

which ensures that the di¤erent tranches are treated more similarly in the objective function.

4 Estimation Results

In this section we �rst present estimation results for the benchmark model using weekly data for

the entire sample period, from August 24, 2005 to August 26, 2015. We use weekly data rather

than daily data because of computational constraints. We �rst discuss model �t and parameter

estimates. Subsequently we discuss how the covariates impact the tranche spreads. Finally we

investigate the robustness of our results and estimate the model using two sub-samples. The

sub-samples are determined based on the changes in quoting and trading convention. The �rst

sub-sample is from August, 2005 to September, 2008. The second sub-sample is from September,

2010 to August, 2015. The Online Appendix discusses the performance of alternative models.

4.1 Model Fit

We estimate the no-arbitrage model using weekly data for the entire sample period, from August

24, 2005 to August 26, 2015. Our benchmark model uses two independent Cox processes to

capture the loss distribution for the collateral pool of the CDO. The intensities of these two Cox

processes load on the �rst two principal components extracted from three covariates: average

volatility, average leverage, and the three month T-bill rate.
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We estimate the model parameters by minimizing the overall relative RMSE using all tranches

in our sample. To provide insight into the pricing of individual tranches, Table 2 reports the

resulting percentage or relative RMSE, denoted RMSE(%), for each tranche separately. We

also report the RMSE based on the pricing error, denoted RMSE(bps), using the parameters

obtained by minimizing the overall relative RMSE. The model�s relative RMSE ranges from

21.3% to 48.7% across tranches, and it is higher for more senior tranches. The pattern in the

errors across tranches is di¤erent in the case of the pricing error RMSE. This is not surprising

because the average spreads are very di¤erent between tranches.

For comparison, we also estimate simple regressions of the tranche spread on the three observ-

able covariates. Table 2 also reports the RMSEs and the R-squares for these regressions. Note

that a comparison of the model�s pricing error with regression pricing errors is tenuous because

these regressions are estimated one tranche at a time. The R-squares for the linear regressions

range from 76% to 94% across tranches. The model provides a smaller percentage RMSE than

the linear regression for the 3-7%, 7-10%, 10-15% and 15-30% tranches, but a higher pricing error

RMSE(bps) for all tranches. This is again not surprising, as we are minimizing the percentage

RMSE, and the model parameters will adjust to the choice of loss function.

Figure 2 depicts the model spreads (the gray line) and the market spreads (the black line) for

all tranches over the entire sample period. As discussed in Section 3.2, we split the graphs into

two sub-periods because the traded tranches change during our sample period. The �rst sub-

period is from August, 2005 to March, 2010 and the second sub-period is from September, 2010

to August, 2015. The model underpredicts the 0-3% tranche spread prior to the 2008 �nancial

crisis and the 15-100% tranche spread post-crisis, but performs well for the other tranches and

for the second sub-sample. The model performs well in capturing the time-series variation in the

3-7%, 7-10%, 7-15%, and 10-15% tranches during the entire sample. Model errors are larger for

the 15-30% and especially the 15-100% tranche.

Overall, the model is capable of capturing the low spreads in the second half of the sample
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as well as the high spreads in the �nancial crisis of 2008, and it also manages to capture the

cross-sectional di¤erences in spreads across the tranches. Given that the model is relatively

parsimonious and entirely driven by economic fundamentals, and given the nature of the sample,

which is characterized by several structural breaks, this is encouraging.

4.2 Parameter Estimates

Panel A of Table 3 reports the loadings of the principal components on the covariates. The

�rst principal component is entirely driven by volatility while the second component is primarily

determined by the T-bill with an economically signi�cant loading on leverage. Figure 3 plots the

covariates and the principal components and con�rms these observations.

Panel B of Table 3 reports the parameter estimates for the covariate dynamics under the

physical probability measure P and the risk-neutral probability measure Q. The risk-neutral

persistence for all covariates is higher than 1 while the physical persistence is less than 1. This

�nding is not unusual in the credit risk and derivatives literature (Du¤ee, 1999; Pan, 2002). It

follows that the intercept is negative for all covariates under the risk-neutral measure while it is

positive under the physical measure. The long-run mean, which is given by �
1�� , is comparable

across both measures in the case of leverage. For the T-bill and volatility, the risk-neutral

long-run mean is larger than the physical one.

Panel C of Table 3 reports on the loadings of the intensities on the principal components.

We do not report standard errors because of space constraints, but all intensity loadings are

statistically signi�cant with p-values less than 5 percent. Panel D of Table 3 reports on the jump

processes. The second intensity is characterized by a large jump size; the jump size for the �rst

intensity is smaller. The left-side panels in Figure 4 plot the variation in the jump intensities

over the sample period. The intensity for the �rst process starts increasing in June 2007, peaks

around September 2008, and slowly declines from late 2008 onwards. It also increases during

the Eurozone debt crisis in 2011. The intensity for the second Cox process increases prior to
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September 2008 and then slowly declines until early 2009; subsequently it starts increasing again.

In the right-side panels in Figure 4, we plot the probability of at least one jump occurring over

the next twelve months, which can be computed using the intensities on the left. For the second

intensity, this probability is relatively small, on average 0.0375 percent; for the �rst intensity it

is much larger. It reaches its maximum in September 2008, when Lehman Brothers collapses.

We can use equation (6) and the jump sizes and maximum probabilities in Panel D of Table

3 to compute the loss to the collateral pool resulting from a jump. The last column of Panel D

reports these loss estimates. For the second intensity, the collateral loss is quite large, 24.6 cents

per dollar of collateral. For this jump process, the probability of a jump is very low, but the

resulting losses are very large. For the �rst intensity in Panel C of Figure 4, the probability of a

single jump over one year reaches a maximum of about 21.5 percent, with a resulting collateral

loss of 3 cents on the dollar.

These estimates of the jump structure provide additional insight into the economic drivers of

default. Recall from Table 3 and Figure 3 that the principal components driving the intensity

processes load di¤erently on the observables. Our results therefore suggest that interest rates

and leverage, which are heavily associated with the �rst intensity process, are associated with

more infrequent but larger jumps. Volatility, which is associated with the second jump process,

is associated with smaller jumps that occur more frequently.

Longsta¤ and Rajan (2008) estimate a CDO pricing model with latent factors. Their bench-

mark model contains three jumps with di¤erent intensities. They interpret the �rst intensity

as capturing the impact of a single (�rm-speci�c) default, the second intensity as capturing the

impact of a group of �rms (an industry) defaulting, and the third intensity as capturing the im-

pact of a large-scale meltdown of the economy. The sample in Longsta¤ and Rajan is relatively

shorter, from October 2003 to October 2005, and does not include the crisis. Moreover, while

the two models are estimated using data on the same security, the two model structures are very

di¤erent. In our model, the jump intensities depend on economic covariates, while in Longsta¤
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and Rajan (2008) the intensities depend on latent factors. Their approach guarantees a much

better �t while ours provide more economic intuition. Both sets of results con�rm the need for

multiple jump processes with di¤ering jump intensities and economic consequences, which result

in di¤erent collateral losses.

4.3 The Economic Determinants of Tranche Spreads

The most important advantage of our approach is that it can be used to provide economic

intuition for the pricing of CDO tranches. We can easily compute the sensitivity or delta of each

of the spreads to a change in one of the economic variables. These deltas are therefore by design

time-varying, which is intuitively very plausible. Note that these deltas are of great practical

importance, because they can for instance be used for hedging given a hypothetical scenario for

interest rates or stock market volatility.

Figure 5 plots the deltas for four tranches: 0-3%, 3-7%, 7-15% and 15-100%. We choose

these four tranches for the entire sample since these are the four tranches that are traded since

September, 2010. Panel E of Table 3 reports the time-series averages computed for the entire

sample from August 2005 to August 2015. We report the change in each tranche spread for a one

percent change in the relevant covariate. On average the tranche deltas are positive for volatility

and leverage, and negative for the T-bill. Figure 5 indicates that these signs obtain throughout

the sample period.

These signs are intuitively plausible and consistent with the existing credit risk literature.

Wu and Zhang (2008) and Doshi, Ericsson, Jacobs, and Turnbull (2013) report similar results for

the signs of these covariates using credit default swaps. The negative delta for the T-bill con�rms

the results in Du¢ e, Saita and Wang (2007) and Chava, Stefanescu and Turnbull (2011), which

are obtained using default data.

For comparison, Figure 5 also depicts linear regression deltas. This comparison highlights the

bene�ts of allowing for time-varying deltas. For each of the variables, and for all the tranches,
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the time-varying model deltas increase in absolute value during the crisis. Recall that the senior

tranches experience relatively larger increases in spreads during the �nancial crisis compared

to the equity tranche, suggesting that the correlations among the entities in the CDX index

increased substantially during the crisis. The model captures this by increasing (the absolute

value of) the loadings on the economic variables during the crisis.

4.4 Robustness

For our benchmark estimation results, we estimate the model using the entire sample period from

August 24, 2005 to August 26, 2015. Given the inclusion of the �nancial crisis in the sample and

the resulting variation in spreads, this is a challenging task for any parsimonious model with a

�xed set of parameters. It can be argued that the sample contains multiple structural breaks.

Moreover, the traded tranches change over time, as discussed in Section 3.2.

We therefore also estimate the model by splitting the sample into two sub-samples. The �rst

sub-sample contains the data prior to September 20, 2008 and the second sub-sample contains

the data after September 20, 2010. This approach allows us to account for the changes in the

trading conventions, available tranches and potential structural breaks.

Table 4 presents the estimation results. A comparison of the RMSEs in Panel A of Table 4

with those in Table 2 indicates that model errors are substantially lower. The left and middle

column of Figure 6 graphically illustrate model �t by comparing model and market spreads for

each tranche for both sub-samples. A comparison with Figure 2 indicates that, not surprisingly,

the improvement in �t is largely due to the improved �t in the �nancial crisis of 2008 and the

Eurozone debt crisis in late 2011. The sub-sample estimation considerably improves the �t of

the 15-100% tranche in the second sub-sample relative to the full sample estimation.

The parameter estimates in Panel C of Table 4 are intuitively plausible. Overall, they are

rather similar to the estimates from Table 3, which are obtained using the entire sample. The

jump probabilities for the two processes in Panel D of Table 4 are also roughly similar to the
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estimates in Table 3, although the jump sizes di¤er somewhat across the sub-samples for a given

jump process. The deltas in Panel B of Table 4 have the expected signs: positive for volatility

and leverage and negative for the T-bill. Overall, there are more similarities than di¤erences

between the sub-sample deltas, and the deltas are of the same order of magnitude as in Table 3.

The right column of Figure 6 repeats the estimation for the second sub-sample but now the

loss function is de�ned based on the upfront. In the benchmark results, we translate the upfront

market quotes to spreads using a Gaussian copula. This may induce some biases in the data and

is therefore worthwhile to repeat the estimation using the market data. The results in Figure 6

show that this assumption does not greatly a¤ect model �t. The economic implications are also

very similar to those of the benchmark estimation. The impact of the economic covariates on

the spreads has the same sign as in the benchmark implementation, consistent with theory and

economic intuition.

The benchmark model is estimated using two intensities to describe the loss distribution.

The Online Appendix motivates this speci�cation by discussing model �t when either a single

intensity or three intensities are used. Using a single intensity, our conclusions regarding the eco-

nomic impact of the covariates are qualitatively consistent with the �ndings from the benchmark

estimation, but the model is unable to adequately capture the cross-sectional and time-series vari-

ation in spreads. When using three intensities, model �t improves but it is di¢ cult to reliably

identify the model.

5 Model Implications

We �rst document the evolution of risk premiums during the sample period. We then present

the results of a variance decomposition to determine which of the economic covariates is most

important for explaining CDO spreads. We also document model-implied probabilities of loss.

Finally, we investigate if out-of-sample index spreads are realistic. In the Online Appendix, we
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discuss variations in value-at-risk over the sample period.

5.1 Risk Premiums

We report on the risk premiums for di¤erent tranches. Given that we do not use actual time-

varying data on default, the only risk we can identify is risk due to the stochastic nature of

the intensity.10 We follow the approach of Pan and Singleton (2008), Longsta¤, Pan, Pedersen,

and Singleton (2011) and Doshi, Ericsson, Jacobs, and Turnbull (2013), who compute credit risk

premiums for CDS contracts by comparing the risk-neutral CDS spread with the CDS spread

computed using the parameters under the P -measure. We compute the risk-neutral tranche

spread and the spread computed using the P -parameters. We de�ne the credit risk premium as

(SQt =S
P
t ), expressing it as the proportion of the spread that is due to default and the clustering

of default.

We graph the risk premiums for four tranches: 0-3%, 3-7%, 7-15% and 15-100%. Figure 7

indicates that credit risk premiums are large and that they vary substantially over time. The

risk premiums for all four tranches increase substantially during the �nancial crisis of 2008. They

peak in the latter part of 2008, but then decline from April 2009 onwards. During the �nancial

crisis, risk premiums increase much more dramatically for the senior tranches, suggesting that

the market�s perception was that the crisis was serious enough to a¤ect these tranches. There is

also an increase in risk premium for 0-3%, 3-7%, and 7-15% tranches during the Eurozone debt

crisis in the second half of 2011. The average credit risk premium increases with the seniority of

the tranche. This is consistent with the �ndings of Coval, Jurek, and Sta¤ord (2009).

5.2 Variance Decomposition

The analysis in Section 4.3 has provided some valuable insights regarding the sign and magnitude

of the impact of di¤erent covariates on spreads. In this section we extend this analysis and

10See Pan and Singleton (2008) and Jarrow, Lando, and Yu (2005) for a discussion of this issue.
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investigate howmuch of the variation in spreads is explained by each of the covariates. We address

this question using a forecast error variance decomposition, which indicates the percentage of

the spread�s forecast error variance that is due to each covariate. We compute the variance

decomposition of tranche spreads from impulse response functions.11 We estimate these impulse

response functions by simulation because the nonlinearity of the pricing function does not allow

for closed-form solutions. We use the parameter estimates from Table 3.

Since the model assumes that the shocks to the covariates are independent, we can draw a

shock �j;t to a single covariate j while holding other covariates constant. The impulse response

of tranche spreads to covariate j for horizon h can be written as

	jh = E[St+hj�j;t; Zt]� E[St+hjZt]: (20)

We estimate these conditional expectations using simulation for every week t in the sample.

Given a shock �j;t at time t, we simulate 1000 paths of the covariates for a one-month horizon

(h = 4). We then average the simulated one-month ahead spreads to compute E[St+hj�j;t; Zt].

We repeat this calculation assuming the absence of a shock to get E[St+hjZt]. The contribution

vdj of covariate j to the mean squared forecast error MSE(bSt+hjt) is

vdj =

hP
i=1

	2ji

MSE(bSt+hjt) : (21)

Impulse responses in a nonlinear system can be asymmetric. We therefore allow for asymmetry

by performing the variance decomposition given a positive unit shock and a negative unit shock

to the covariates, and we take the average of the two.

Figure 8 and Table 5 present the results from the variance decomposition for four tranches:

0-3%, 3-7%, 7-15% and 15-100%. Figure 8 indicates the percentage of the variation in each of

11The implementation follows Ang, Boivin, Dong, and Loo-Kung (2011), Gallant, Rossi, and Tauchen (1993),
Koop, Pesaran, and Potter (2000), and Potter (2000).
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the tranche spreads that is due to the three covariates: volatility, leverage, and the T-bill. Table

5 presents the time-series means of the estimates in Figure 8 by tranche. Overall, volatility is

the most important economic determinant of the variation in spreads. This is consistent with

existing evidence from the credit risk literature. Ericsson, Jacobs, and Oviedo (2009) �nd that

volatility is one of the most important determinants of CDS spreads. Collin-Dufresne, Goldstein,

and Martin (2001) document the importance of volatility to explain corporate bond yields. We

�nd that volatility is relatively more important for the junior tranches. On average, volatility

explains 82% of the variation in the 0-3% tranche, but only 6% of the variation in the 15-100%

tranche. The T-bill is relatively more important for explaining the variation in the senior tranche

compared to the junior tranches. It explains on average 87.5% of the total variation in the 15-

100% tranche. Leverage explains between 10 and 20% of variation for 0-3%, 3-7% and 7-15%

tranches.

Figure 8 documents interesting di¤erences in the relative importance of the covariates for

explaining variations in spreads over the sample period. Leverage becomes relatively more im-

portant from mid-2007 onwards for all four tranches. While volatility is less important for the

15-100% tranche than for the other tranches, it is still relatively important for the 15-100%

tranche in the midst of the �nancial crisis in the latter part of 2008 and early 2009. The im-

portance of the T-bill increases in the second half of the sample, from mid-2007 onwards, for

the 0-3% and 3-7% tranche. This is in line with expectations because of the more prominent

role of monetary policy during the second half of the sample period and the low interest rate

environment.

5.3 The Model-Implied Probability of Loss

We use the model to compute the probability of loss in the di¤erent tranches. For convenience

we focus on the probability of loss over a one-year period, but we can compute these probabilities

for any horizon. We discuss if these model-implied probabilities are realistic, and we illustrate
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the variation in the probabilities over the sample period.

The probability of a given number of jumps Pt[Nt = a] for each intensity can be calculated

using equation (11) and the expressions for the moment generating function in the Appendix.

To get the probability of loss, we �rst calculate the probability of every combination of jumps

that will result in a loss higher than a given attachment point for a one-year horizon using our

model and the covariates. Then we add up the probabilities of all the instances when the loss is

greater than the relevant attachment point.

Figure 9 plots the model-implied probability of loss over a one-year horizon. For the equity

tranche and the mezzanine tranches, the in-sample probability of loss starts out relatively small,

peaks in the �nancial crisis, and then decreases again as the �nancial crisis winds down. For

the senior tranche however, the probability of loss is already more elevated before the �nancial

crisis, and it starts decreasing a bit earlier compared to the other tranches. The estimated loss

probabilities are intuitively plausible. To put this in perspective, despite the fact that our sample

includes the �nancial crisis, there were zero defaults on on-the-run CDS �rms during our sample

period, and only nine defaults in �rms that were part of series 4 through 24. Moreover, in two

of these cases, recovery was 100%.

Note that we use the actual realizations of the covariates in our computations, but scenario

analysis using predictions or priors for one or more of the economic variables can proceed in the

same way. Similar computations can be done using a reduced-form model with latent variables,

but it is di¢ cult to gain much insight or intuition regarding the predicted values of the latent

state variables.

5.4 Model-Implied Index Spreads

We estimate the model using tranche spreads but we do not use index prices. This provides an

opportunity to test the model out-of-sample. We examine how the model performs in explaining

CDX index spreads for the period from August 2005 to August 2015. This exercise illustrates the
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bene�ts of the no-arbitrage approach, which allows us to compute the value of contracts not used

in estimation. This exercise is not feasible with alternative approaches such as linear regression.

The prices of the individual tranches depend only on the cumulative portfolio loss. However,

the present value of the premium leg of the CDX index depend on the notional value of the

collateral pool. To estimate the value of the index, we need to specify the notional of the

collateral pool as a function of total loss. After an index has been rolled, there are M assets

in the pool, each with the same notional. We set the total notional to be unity, implying the

collateral for each asset is 1=M . Each time a credit event occurs, the notional of the index is

reduced by 1=M , because there is no replacement. The index notional at time t, denoted by It,

is therefore given by

It = 1�
dt
M

(22)

where dt is the number of credit events up to time t. Let l indicate the average loss due to default

per unit of notional. Therefore, the cumulative loss is equal to the number of defaults multiplied

by the loss due to each credit event

l � 1

M
� dt = Lt: (23)

We therefore rewrite equation (22) in terms of the cumulative portfolio loss:

It = 1�
Lt

l
(24)

The standard assumption for l in the credit risk literature is 60%. We follow the literature and

assume l = 60%: This allows us to compute the expectations of the premium leg of the index

as a function of the cumulative portfolio loss. In the computations we round Lt=l to the closest

integer since it captures the number of defaulted �rms in the index. This assumption has a

negligible impact on the results.
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The computation of the present value of the premium leg, following (1), and the protection

leg, following equation (2), follows a procedure similar to the one for the tranches. We use the

parameter estimates reported in Table 3 to compute the CDX index spreads. Figure 10 presents

model and market spreads. The model performs remarkably well in capturing the time-series

variation in the index spreads with a relative RMSE of 26.5%. This is especially noteworthy

since this is an out-of-sample analysis, as we do not use CDX index spread in estimation. This

application also highlights the usefulness of the no-arbitrage model for other valuation exercises,

such as the pricing of bespoke tranches.

6 Conclusion

We introduce a discrete-time no-arbitrage top-down model with economic covariates for pricing

structured products. The portfolio loss is a quadratic function of the economic covariates and

therefore remains positive. We illustrate the model with a valuation exercise for CDOs, using

the tranches of the CDX index. Following a speci�cation search, we estimate a parsimonious

version of the model with three economic covariates: volatility, leverage, and the Treasury bill

yield. The impact of the economic variables on CDO spreads varies over time but is economically

plausible: spreads decrease with higher interest rates, increase with higher leverage and increase

with higher stock market volatility. The price of risk is highly time-varying, and the model-

implied probability of loss and risk premiums signi�cantly increase in the �nancial crisis. A

variance decomposition indicates that volatility is the most important determinant of variations

in CDO spreads, followed by the Treasury bill yield. Volatility is associated with smaller but

more frequent jumps while the T-bill and leverage are associated with larger, more infrequent

jumps. Leverage and the T-bill are therefore more closely associated with rare credit events.

Our approach can be used for scenario analyses involving tranches of structured products.

These scenarios are typically described in terms of changes in di¤erent economic variables, and
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other credit-risky securities in bank portfolios are also often modeled as dependent on similar

economic variables. In our empirical application we focus on the tranches of the CDX, but our

approach can also be applied to the valuation of structured products for pools of other securities,

such as mortgages and credit card debt. Because it is a top-down approach, the number of assets

in the pool is not a constraint, and we can easily address pools with thousands of assets, which

are very common.

Appendix

A. The Moment Generating Function

The moment generating function de�ned by expression (10), can be written

�t;t+h(u) = Et[exp(u
h�1X
i=0

�t+i)] (25)

Substituting the expressions for the intensity function, we have

�t;t+h(u) = Et[exp(�
h�1X
i=0

(�u(�2 � 2��0Zt+i � Z 0t+i��0iZt+i)] (26)

Therefore, drawing on Doshi, Ericsson, Jacobs and Turnbull (2013), the moment generating

function can be written as follows

�t;t+h = exp(Ah +B
0
hZt + Z

0
tChZt)
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where

A1 = u�2

B01 = u2��0

C1 = u��0

and for k = 2, . . ., h

Ak =
u�2 + (Ak�1 +B

0
k�1�+ �

0Ck�1�)

+1
2
(Bk�1 + 2Ck�1�)

0(I � 2�Ck�1)�1�(Bk�1 + 2Ck�1�)� 1
2
ln[det(I � 2�Ck�1)]

B0k = u2��0 + (Bk�1 + 2Ck�1�)
0�+ 2(Bk�1 + 2Ck�1�)

0(I � 2�Ck�1)�1�Ck�1�

and

Ck = u��0 + �0Ck�1�+ �
0Ck�1 (2(I � 2�Ck�1)�1) �Ck�1�]

B. Derivatives of the Moment Generating Function

Let Yh � Ah + B0hZ0 + Z 00ChZ0. The �rst derivative of the moment generating function can be

written as follows.

�1t;t+h(u) = �t;t+h(u)Y
(1)
h

where Y (1)h = @
@u
Yh. The second derivative of the moment generating function can now be written

�2t;t+h(u) = �t;t+h(u)(Y
(1)
h )2 + �t;t+h(u)Y

(2)
h

Therefore, in order to compute themth derivative of the moment generating function, all we need

is the 1st to (m� 1)th derivative of Yh, which is straightforward.
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Table 1: Descriptive Statistics

Mean SD Min Max N Sample Period
0%  3% 1683.6 662.2 736.5 4675.9 460 08/05   08/15
3%  7% 396.1 266.0 59.0 2156.3 459 08/05   08/15
7%  10% 161.9 176.6 10.6 914.5 208 08/05   08/10
10%  15% 82.5 91.0 4.3 547.2 209 08/05   08/10
7%  15% 146.4 55.7 74.5 343.1 251 09/10   08/15
15%  30% 35.0 35.6 1.9 157.0 208 08/05   08/10
15%  100% 28.7 7.1 16.7 55.9 248 09/10   08/15

Mean SD Min Max N Sample Period
Volatility 29.4% 11.7% 16.2% 85.5% 518 08/05   08/15
Leverage 49.1% 3.2% 44.9% 63.1% 518 08/05   08/15

Tbill 1.2% 1.8% 0.0% 5.0% 518 08/05   08/15

Panel A: Tranche Spreads (bps)

Panel B: Covariates

Notes to Table: Panel A reports averages and standard deviations of market spreads for 5-year
North American Investment Grade (NA IG) CDX tranches. The sample consists of weekly
spreads between August 24, 2005 and August 26, 2015. The column labeled �Sample Period�
indicates the beginning and end dates of data availability for each tranche in mm/yy format.
Panel B reports averages and standard deviations of the covariates for the same sample period.
Volatility is the average at-the-money implied volatility of all �rms that are included in the CDX
index. Leverage is the average leverage of all �rms in CDX index de�ned as total liabilities
divided by the sum of total liabilities and the market value of equity. T-bill refers to the 3-month
T-bill.

38



Table 2: Model Fit

0 3% 37% 710% 715% 1015% 1530% 15100%
RMSE (%) 30.3 21.3 31.5 23.9 35.1 48.1 48.7

RMSE (bps) 640.8 92.2 71.8 37.2 43.9 24.2 15.7

R2(%) 79.6 91.9 94.3 79.9 91.2 84.4 76.0
RMSE (%) 16.9 37.6 104.8 16.0 115.3 67.0 12.4

RMSE (bps) 298.5 75.6 42.2 24.9 26.9 14.0 3.5

NoArbitrage

Regression

Notes to Table: We report the model �t (RMSE and relative RMSE) for the no-arbitrage and
linear regression models for NA IG CDX tranches. The sample period is from August 24, 2005
to August 26, 2015.
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Table 3: Parameter Estimates

PC1 PC2
Volatility 0.974 0.171
Leverage 0.226 0.664

Tbill 0.022 0.728

Panel A: PC Loadings

μQ ρQ μP ρP σ
Volatility 0.007646 1.0075 0.0104 0.9646 0.0309
Leverage 0.008362 1.0195 0.0083 0.9830 0.0059

Tbill 0.00197 1.0335 0.00003 0.9979 0.0012

Panel B: Covariate Dynamics

α
PC1 PC2

λ1 0.02211 0.047087
λ2 0.00029 0.002787

Panel C: Intensity Loadings
Factor Loadings (κ)

Jump Size Max Prob. Collateral Loss
λ1 0.0305 21.5% 0.0300
λ2 0.2827 0.0382% 0.2462

Panel D: Jump Properties

03% 37% 715% 15100%
Volatility 22.71 9.32 2.45 0.06
Leverage 47.76 24.94 7.76 0.31

Tbill 121.67 79.92 42.99 4.53

Panel E: Average Deltas

Notes to Table: Panel A reports the loadings of the principal components on each of the co-
variates. Panel B reports the parameter estimates for the covariate dynamics under both the
risk-neutral and physical measure. Panel C reports the intensity loadings of each of the principal
components. For each of the intensities, Panel D reports the jump size, the maximum probability
of observing at least one jump over one year, and the maximum collateral loss if one jump occurs.
Panel E presents deltas from the no-arbitrage model. The deltas represent the change in spreads
(in basis points) for a one percentage point change in the covariates.
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Table 4: Model Fit and Deltas. Estimation using Sub-Samples

0 3% 37% 710% 715% 1015% 1530% 15100%
RMSE (%) 42.87 25.81 29.62 34.63 39.90

RMSE (bps) 902.61 49.18 41.74 29.85 17.07

RMSE (%) 13.38 12.02 14.01 13.80
RMSE (bps) 176.47 57.32 27.03 4.55

Panel A: Model Fit

Aug05 to
Sep08

Sep10 to
Aug15

0 3% 37% 715% 15100%
Volatility 19.54 6.38 1.24 0.02
Leverage 32.73 15.64 3.88 0.09

Tbill 94.94 59.80 25.49 2.04

Volatility 15.94 6.17 1.05 0.02
Leverage 108.47 56.03 16.86 2.27

Tbill 10.96 8.29 6.13 1.52

Panel B: Average Deltas

Aug05 to
Sep08

Sep10 to
Aug15

μQ ρQ μP ρP σ μQ ρQ μP ρP σ μQ ρQ

Volatility 0.0080 1.0067 0.0202 0.9293 0.0269 0.0066 1.0050 0.0382 0.8425 0.0246 0.0070 1.0047
Leverage 0.0080 1.0192 0.0321 0.9332 0.0051 0.0095 1.0226 0.0103 0.9785 0.0045 0.0096 1.0227

TBill 0.0018 1.0348 0.00037 0.9902 0.0018 0.0059 1.0209 0.00004 0.9344 0.0001 0.0057 1.0208

α κ Jump
Size

Max
Prob.

Collater
al Loss α κ Jump

Size
Max
Prob.

Collater
al Loss α κ Jump

Size

PC1 0.0489 0.0264 0.03 19.71% 0.03 0.0432 0.0192 0.03 13.44% 0.03 0.0447 0.0167 0.03
PC2 0.0028 0.0003 0.27 0.0376% 0.24 0.0006 0.0009 0.44 0.0002% 0.35 0.0006 0.0010 0.39

Sep10 to Aug15 (upfront)

Sep10 to Aug15
(upfront)

Panel C: Covariate Dynamics

Panel D: Intensity Loadings

Aug05 to Sep08 Sep10 to Aug15 (bps)

Aug05 to Sep08 Sep10 to Aug15 (bps)

Notes to Table: Panel A reports model �t (RMSE and relative RMSE) for the no-arbitrage
model for the two sub-samples. The �rst sub-sample is from August 2005 to September 2008.
The second sub-sample is from September 2010 to August 2015. Panel B reports the deltas with
respect to each of the covariates. Panel C reports the estimated covariate dynamics for the two
sub-samples under both the risk-neutral and physical measure. The columns labeled �upfront�
use the objective function based on upfront percentage points. Panel D reports the intensity
loadings of each of the principal components, the average jump size, and the maximum collateral
loss if one jump occurs in each of the Cox processes. �1 is driven by the �rst principal component
and �2 is driven by the second principal component. We use the principal components estimated
using the entire sample.
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Table 5: Forecast Error Variance Decomposition

03% 37% 715% 15100%
Volatility 82.2% 72.5% 46.1% 6.0%
Leverage  13.8% 18.6% 17.5% 6.5%

Tbill 4.1% 8.9% 36.4% 87.5%

Tranches

Notes to Table: We present the results of a forecast error variance decomposition. We compute
the forecast error variance decomposition at each time t in the sample, using the impulse responses
of the tranche spreads to the covariates. To calculate the impulse responses, we draw a unit
positive and negative shock for each covariate for every data point in the sample. Then, for each
shock, we simulate the model 1000 times for a one-month horizon to get the impulse responses
and we take the average of the results for the negative and positive shock. We report the time
series average of these estimates.
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Figure 1: CDO Market Activity
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Notes to Figure: Panel A presents the outstanding notional in billions of dollars over time for
Collateralized Debt Obligations (CDOs). Panel B presents the outstanding notional in billions of
dollars over time for Collateralized Loan Obligations (CLOs). Panel C presents moving average
of the daily CDO par amount traded in billions of dollars. Panel D presents the moving average
of the number of daily trades in the CDO market.
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Figure 2: Model and Market Spreads
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Notes to Figure: We plot the time series of market and model spreads for all tranches. The
sample period is from August 24, 2005 to August 26, 2015. The no-arbitrage model is estimated
by �tting weekly data on CDX index tranche spreads. In each panel, the black line represents
market spreads and the grey line represents model spreads. The vertical lines in the left-side
panels represent the following dates: July 31, 2007; September 14, 2007; March 16, 2008; July 15,
2008; September 15, 2008 and June 1, 2009. The vertical lines in the right-side panels represent
the following dates: April 18, 2011; August 6, 2011; October 27, 2011; June 9, 2012; November
19, 2012; and October 1, 2013.
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Figure 3: Covariates and Principal Components
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Notes to Figure: We plot the time series of the three covariates together with the two principal
components. Panels A, B, and C plot the time series of the covariates: Volatility, Leverage, and
the T-bill. Panels E and F plot the �rst two principal components of the covariates.
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Figure 4: Intensity Processes and Jump Probabilities
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Notes to Figure: In Panels A, and B, we plot the time series of the model-implied weekly
intensities �1;t, and �2;t where �1;t = (�1 + �1PC1;t)

2; �2;t = (�2 + �2PC2;t)
2: The principal

components are obtained from weekly data on volatility, leverage, and the 3-month T-bill rate
for the entire sample period. Panels C and D plot the probability of at least one jump over
a one-year horizon for each intensity process. The probability of zero jumps (Prt[Nt = 0]) is
calculated from the model and we plot 1� Prt[Nt = 0]:
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Figure 5: Model Spread Sensitivities (Deltas)
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Notes to Figure: We plot the sensitivities or deltas from the no-arbitrage model for four standard-
ized tranches. At each point in time, the sensitivities are computed numerically as the change in
tranche spread for a given change in the covariate. The dotted line plots the sensitivities based on
the linear regression model and the solid line plots the sensitivities from the no-arbitrage model.
The sensitivities represent the change in spread in basis points for a one percentage point change
in the covariates. The �rst column presents the sensitivities of all four tranches with respect to
the volatility, the second column presents the sensitivities with respect to leverage, and the third
column presents the sensitivities with respect to the T-bill.
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Figure 6: Model and Market Spreads. Estimation using Sub-Samples.
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Notes to Figure: We plot the time series of model and market spreads estimated using two sub-
samples. Model spreads are computed using the estimates in Table 4. The �rst column presents
the model and market spreads for the sample period from August 2005 to September 2008. The
second column presents the model and market spreads for the sample period from September
2010 to August 2015. The third column presents the model �t using upfront percentage points
in the objective function based on the sample period September 2010 to August 2015.



Figure 7: Risk Premiums
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Notes to Figure: We plot the time series of risk premiums for four standardized tranches. The
risk premium is calculated as the spread under the Q measure (SQt ) divided by the spread under
the P measure (SPt ). S

Q
t is the model estimate of tranche spreads. S

P
t is obtained by replacing

�Q and �Q by �Pand �P .
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Figure 8: Variance Decomposition
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Notes to Figure: We plot the time series of the one month forecast error variance decomposition
of tranche spreads. The y-axis represents the percentage attributed to each covariate for a one-
month horizon. The variance decomposition is calculated from the impulse responses of the
tranche spreads to the covariates. For each covariate, we �rst separately estimate the impulse
response for a one positive unit standard deviation shock and a one negative unit standard
deviation shock. We then average these estimates.
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Figure 9: In-Sample Probability of Loss
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Notes to Figure: We plot the probability of loss, expressed in percentages, for the four tranches
for a one-year horizon. The probabilities are calculated using the parameters from Table 3. To
calculate the probability that the loss exceeds the attachment point, we calculate the probability
of every possible combination of jumps for a one-year horizon. Then we add up the probabilities
of all instances when the loss exceeds the attachment point to get the probability of loss.
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Figure 10: Model and Market CDX Index Spreads

06 07 08 09 10 11 12 13 14 15
0

50

100

150

200

250

300
B

as
is

Po
in

ts

Market Model

Notes to Figure: We plot the time series of market and model spreads for the CDX index. The
sample period is from August 24, 2005 to August 26, 2015. The no-arbitrage model is estimated
by �tting weekly data on market CDX index tranche spreads. We use the parameters from Table
3. The index spreads are not used in estimation.
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