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cash flows and the stochastic discount factor. Quantitative results show that
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1 Introduction

Do corporate decisions made by firm managers matter in explaining the cross-sectional
properties of stock returns? Especially, if decisions on investment and dividend payout
can affect cash flows of firms, these have direct implications on the equity prices of firms,
since the cash flow processes of firms are one of the two main pillars determining stock
prices. The other pillar, stochastic discount factor, is closely related to the changes of
market investor’s wealth given their attitudes toward risk and uncertainty. Since the
distributed cash flows of firms will constitute the current and future wealths of market
investors, corporate financial decisions related to investments and dividends can have
important links to variations in asset prices via channels of both firms’ cash flows and
investors’ discount factors. This paper studies the implications of corporate dividend
policies on stock returns in a general equilibrium framework.

There are several studies that attempt to connect the investment and production
behaviors of firms to stock returns (e.g., Cochrane (1996), Gomes, Kogan, and Zhang
(2003), Zhang (2005), Li, Livdan, and Zhang (2009), and Livdan, Sapriza, and Zhang
(2009)). However, the existing literature pays little attention to dividend policy, and
the authors assume that dividends are given as residual cash flow. Simple as it may
be, the assumption of this residual dividend policy is not consistent with empirical
evidence. Figure 1 plots earnings per share and dividends per share of several firms.
Dividends appear to be managed with the following patterns: First, there are periods of
no dividend payments which make earnings much more volatile, and second, dividends
and earnings share a common trend over time, though the latter more volatile, other
than the period of zero dividends.! Thus, modeling whether and when to pay dividends
seems relevant in describing dividend policy.

Empirical studies report that highly related are the extensive/intensive margins of
dividend payout and key firm characteristics frequently used in empirical asset pric-
ing studies. Fama and French (2001) find that four characteristics have effects on the
decision to pay dividends: profitability, investment opportunities, market-to-book ra-
tio, and size. Larger and more profitable firms are more likely to pay dividends, and
paying dividends is less likely for firms with more investments. Grullon, Michealy,
and Swaminathan (2002) report that the firm profitability declines after a dividend
increase and rises after a dividend decrease. DeAngelo, DeAngelo, and Stulz (2006)

present evidence that the probability that a firm pays dividends is significantly related

Tt is well known that, at the aggregate level, dividend payments tend to be smooth relative to
earnings, suggesting that corporate managers manage dividends (Lease, John, Kalay, Lowenstein, and
Sarig (1999)).



to the mix of earned capital and contributed capital in its capital structure. Firms with
a greater proportion of earned capital are more likely to be dividend payers. Bulan,
Subramanian, and Tanlu (2007) use duration analysis to study the timing of dividend
initiations in a firm’s life cycle, and document that firms initiate dividends after reach-
ing the maturity phase in their life cycles. Putting together, initiators are the firms
that have grown larger and have fewer growth opportunities than do non-payers at the
same stage in their life cycles.

Based on these observations, we develop a dynamic general equilibrium model of
asset prices with many firms whose dividend processes are endogenously determined by
firms’ optimal dividend policies and investment behaviors. In so doing, both extensive
and intensive decision margins in dividend payout are modeled. Corporate managers
will maximize the present value of current and future cash flows net of dividends and
the costs involved with investment and cash holding. Cash holding is assumed costly
to reflect the agency cost or the conflict of interests between shareholders and firm
managers. Easterbrook (1984) and Jensen (1986) are the classic studies suggesting
that firm managers pursue self-interests, and increase cash holdings for various reasons.
In this case, they argue that dividends can help shareholders to reduce the associated
agency costs. Recently, Nikolov and Whited (2009) estimate a dynamic model of firm
investment and cash accumulation to find that agency problems affect corporate cash
holding decisions. They model three specific mechanisms that misalign managerial
and shareholder incentives: managerial bonuses on current profits, limited managerial
ownership of the firm, and a managerial preference for firm size. Our setup can be
viewed as an attempt to incorporate these findings in the corporate finance into a
general equilibrium framework.

The model features rich firm dynamics and generates several cross-sectional impli-
cations of asset returns and firm characteristics. Regarding the firm dynamics, both
analytic and quantitative results show that younger firms with small capital tend to
invest more in capital, and they withhold paying dividends. These firms initiate div-
idend payouts mainly to reduce the increasing cash holding and investment costs, as
capital is accumulated. It turns out that this extensive decision margin on firm cash
flow depends on firm characteristics associated with productivity shocks.? Thus, this
model endogenizes not only the amount but also the timing of cash flows distributed

from firms to shareholders. Note that the latter is reminiscent of duration-based ex-

2These theoretical findings are consistent with the firm life cycle theory of dividends. For more
details, see Mueller (1972), Grullon, Michealy, and Swaminathan (2002), DeAngelo, DeAngelo, and
Skinner (2004), DeAngelo, DeAngelo, and Stulz (2006). On the firm characteristics for the propensity
to pay dividends, see Fama and French (2001) and Denis and Osobov (2008).



planations of the value premium examined by Lettau and Wachter (2007) and Santos
and Veronesi (2009). These papers view that growth stocks pay later, while value firms
pay now. Alas, if there exist long-run risks (persistent shocks in economic growth, for
instance) in an economy and the discount factor co-varies with stock prices, counter-
factual growth premiums can occur. To overcome this, Lettau and Wachter (2007)
assume that shocks to the discount factor do not co-vary with cash flows shocks, and
Santos and Veronesi (2009) assume that cash flows are highly volatile. The former is
difficult to justify in an equilibrium, while the latter needs an abnormal amount of cash
flow fluctuations. In our model, young and growing firms typically do not pay divi-
dends, and therefore covariations with the discount factor are close to zero. Meanwhile
mature firms with larger amounts of capital pay dividends, and tend to have less room
for growth. Thus, their short-run cash flows become risky and accordingly priced. In
this vein, our paper provides a novel explanation of the value premium which extends
and generalizes the insight from the durations of assets based on firms’ cash flows.?
With this model in hand, we analyze the behaviors of stock returns generated from
the simulated cash flows of firms. According to our quantitative results, the expected
returns on value and size sorted portfolios are consistent with the historical data (e.g.,
Fama and French (2007) and Chen, Petkova, and Zhang (2008)). In addition, the
simulated expected returns on decile portfolios sorted by book-to-market equity ratio
and size present features of value and size premia in the empirical facts (Fama and
French (1992)). Interestingly, pooling new decile portfolios sorted by fitted propensity
to pay dividends, the simulated expected returns on them consistently increase in
the likelihood of dividend payout. This implies that the factors affecting dividend
policy largely overlap with the characteristics used to form pricing factors. Finally, the
simulated market risk premiums and volatilities of aggregate dividend and asset returns
reveal endogenously countercyclical variations, again in line with empirical evidence.
This paper is related to growing literature that links the cross-sectional properties
of stock returns to firm characteristics. Gomes, Kogan, and Zhang (2003) construct
a dynamic general equilibrium production economy to explicitly link expected stock
returns to firm characteristics such as the firm size and the book-to-market equity ra-
tio. Zhang (2005) shows that the value premium occurs from the asymmetric cost of
reversibility and the countercyclical price of risk, and assets in place are riskier than
growth options especially in bad times when the price of risk is high. Li, Livdan, and

Zhang (2009) use a simple g-theory model, and ask if it can explain external financing

3The size premium can also arise due to the delay in dividend payout and the profitability of firms
in this model.



anomalies, both qualitatively and quantitatively. Livdan, Sapriza, and Zhang (2009)
analyze the effect of financial constraints on risk and expected returns by extending
the investment-based asset pricing framework to incorporate retained earnings, debt,
costly equity, and collateral constraints on debt capacity. However, this paper differs
from all these studies in that our model explains the cross section of stock returns
using endogenous dividend policies as well as production and investment. As men-
tioned earlier, models missing this feature can have counterfactual implications on the
relationships between stock returns and firm characteristics.

Our work also belongs to another line of literature on the asset pricing model, which
extends Lucas (1978) to have many trees (dividends). Cochrane, Longstaff, and Santa-
Clara (2008) solve a model with two Lucas trees. They show that expected returns,
excess returns, and return volatility as functions of dividend share vary through time,
and returns are predictable from price-dividend ratios. Martin (2009) further extends
Cochrane, Longstaff, and Santa-Clara (2008) with many trees. Menzly, Santos, and
Veronesi (2004) propose a general equilibrium model with multiple securities in which
investors’ risk preferences, and expectations of dividend growth are time-varying with
external habit formation. Santos and Veronesi (2009) show that substantial heterogene-
ity in firm’s cash-flow risk yields both a value premium as well as most of the stylized
facts about the cross-section of stock returns, but it generates a “cash-flow risk puzzle”.
All these papers assume exogenous processes for dividend processes. Therefore, these
papers are restrictive in linking firm characteristics to asset prices. In this context,
our paper can be viewed as a general equilibrium justification of Lucas models with
multiple trees.

The outline for the rest of the paper is as follows: The recursive competitive equi-
librium with dynamic problems is described in Section 2, and our theoretical findings
about the firm characteristics and the cross-section of stock returns are explored in
Section 3. Section 4 outlines the quantitative analysis of cross-sectional stock returns
including the baseline calibration, and discusses the consistency of our findings related

to similar literature. Finally, Section 5 concludes.

2 Model

2.1 Individual Firm Dynamics

This section sets up the dynamic and stochastic problem of firms. The economy is com-

posed of a continuum of competitive firms that produce a homogeneous product. Firms



are subject to an aggregate productivity shock (z;) and a firm-specific productivity
shock (z;)*. The aggregate shock, z;, develops according to a first-order autoregres-

sive stationary and monotone Markov transition function, denoted by dQ., (x441|xt) ,

Tiy1 = Mg (1 - pl‘) + PzTt + €xt+1,

in which ¢, follows truncated N (0,02), and x; serves as the driving force of economic
fluctuations and systematic risks. x; has the finite support as [z, Z]|. Similarly, the
firm specific productivity shocks, {Zit}ie[o,l] with d@, (zi41|2:1) are uncorrelated across
firms, and follow

Zit41 = PRt T €it41,
in which ¢; follows truncated A (0,0?%), and €, is independent of ;. for all i. z;
has the finite support as [z, Z] .
The production function is given by

2it+Tt K0

Yig = € its

in which Kj; is the capital of firm ¢ at time ¢, and has the compact support of [K K ] .
The assumption on capital implies that firms have limited investment opportunities as
firms accumulate capital close to the upper bound. The production function exhibits
decreasing returns to scale: the curvature parameter satisfies 0 < § < 1. The operating

profit is, then, defined as,
I (Kita T, Zit) = GZit+xtKi01§ - f7

in which f is the nonnegative fixed production cost, which is paid in every period®.

With this production technology in hand, we now describe the firm’s decision
process below. In the beginning of period ¢, firm ¢ observes current aggregate and
firm-specific shocks. Then, it decides whether to pay dividends to shareholders (a; =
1 : paying dividends, a; = 0 : not-paying dividends). In particular, the dividend
payment (D;;) is determined by a fixed payout ratio 0 < § < 1 as

Dj, = ay011 (Kz’b T, Zit) = aitéez“ﬂfot. (1)

4This convention is based on recent macro-finance literature: Zhang (2005), Li, Livdan, and Zhang
(2009), and Livdan, Sapriza, and Zhang (2009).
For mathematical simplicity, we assume that f is zero in driving our theoretical results.



To motivate our choice of dividend policy dictated by (1), we plot Figures 1-3. As men-
tioned earlier, Figure 1 illustrates the existence of zero dividend periods for individual
firms. Although we do not tabulate here, a significant number of firms do not pay
dividends at any given point of time. Thus, we believe that it is pertinent to include
the discrete decision of dividend distribution. In addition, this figure suggests that
dividend and corporate earnings follow a common trend, excluding the period of no
dividend, which makes (1) a reasonable approximation of reality. We further investi-
gate this issue in Figures 2 and 3. Panel (A) in Figure 2 displays the aggregate payout
ratios in the U.S. stock market during 1950 and 2009. Although there exist some vari-
ations, the payout ratio is stable around 0.5. To see if the variations result from the
usual suspects such as profitability and investments, we run rolling regressions of the
aggregate payout ratio onto those variables. We find that both variables are mostly
not different from zero, and the negative sign of the profitability is inconsistent with
the related theory. At an individual firm level, we project dividends onto earnings and
investment, and display in Figure 3. It shows that dividend-earnings ratio is highly
concentrated and significant, hinting that the common payout ratio is a reasonable
assumption. Meanwhile, the coefficient for investment is concentrated around a small
positive number, and often insignificant. Note that the sign should be negative if resid-
ual dividend policy is true. That is, the results suggest that the residual policy does
not capture the data. All the evidence supports the selection of dividend function.
After the decision of paying dividends, the firm manager of firm ¢ chooses the
optimal investment If, to maximize the present value of future cash streams under the
operating profit less dividends. This cash accumulation decision is motivated from the

6. Related, firms often need to

empirical findings in the corporate finance literature
hold a significant amount of funds (cash and marketable securities) to allow for future
acquisitions and to cover its considerable legal and business risks (Harford (1999))." It
is also well known that there exists an agency conflict between managers and equity

providers, and increasing cash holdings further intensify this type of agency problem.®

SFor instance, Nikolov and Whited (2009) argues that although numerous empirical researchers
have studied the effects of agency conflicts on cash holding, this topic remains of interest because no
single prominent conclusion has emerged from these exercises.

"From the perspective of corporate governance, Harford (1999) states that cash is an important
tool for firms operating in imperfect capital markets. However, firms often build up much more cash
than they need to meet expected financing requirement, which also provides another rational on why
managers accumulate cash reserves, and it is subject to a source of agency cost. Harford, Mansi, and
Maxwell (2008) find that firms with weaker corporate governance structures actually have smaller
cash reserves, and weakly controlled managers tend to spend cash quickly on acquisitions and capital
expenditures.

8Readers are referred to Jensen and Meckling (1976), Jensen (1986), Easterbrook (1984) for more



That is, increasing the cash holdings of firms is a costly business. Incorporating this
stylized fact, we set up a firm’s dynamic decision problem with a non-convex agency

cost function in the following way.

Vi(Sy) = max V" (Sy) for all (K, 2i) = Sy €S, (2)

i
{a;4=0,a:4=1}

Vi (Su) = Hax {vii — E (v, Kie, we, za) + BB [V; (Sit1) Sl }

in which V%¢=0 is the present value of future cash streams reserved when it does not
pay dividends, V%=1 is the present value of future cash flows held by a firm paying
dividends, v, is the current cash held and used by the firm manager before the cost of
reserving the cash, = (v, Ky, 4, z;) is the cash holding cost, S is a compact product
space of state variables, and E, is the expectation operator at time ¢t.° Thus, the firm
1 maximizes the present value of the net cash flows into the corporate cash holdings,
defined as vj;* — Z(vii*, Ky, xt, zi) with the decision of paying or not paying dividends

each period as well as an investment decision.!’ Furthermore, we define v% as
vy = (K, zig, 1) — Dy — © (15, Kyy)
it — ity ~ity Lt it ity trat)

and

2
@([,K)zg(é) K+1,

in which ® is a quadratic investment adjustment cost with a constant ¢ > 0.
At

Regarding the cash holding cost, = (v}, K, z4, 2;¢) , we assume the following quadratic

form:

£a(z+2) 2
Ev,K,z,2) = gleT <%> K,

in which &;,&, > 0 are constant parameters. This reflects the idea that shareholders
would expect more dividends to be paid in good times, and increasing the cash holdings

of firms becomes more costly. The law of motion for capital is expressed as
Ky =I5 + (1= 0) K,

in which § is a constant depreciation rate of capital stocks. This setup allows that

on this issue.

9The superscript a is sometimes suppressed, when it is not confusing, for the purpose of exposi-
tional ease. For instance, when we integrate over ¢, we will simply use v;; instead of vg,.

10We can define a felicity function for firm manager, F' such that her periodic utility is F(v% —
E (v, Kt @1, z;2)), where F' > 0, and F” < 0. In this context, our setup assumes that firm managers
are risk-neutral.



capital in the next period may depend upon dividend policy, especially around the
time of initiating dividend payment, since whether a firm pays a proportion of cash
flow from the profit as dividend to a shareholder determines the amount of investment
given the investment opportunity set.

Recall that firm managers are subject to costs due to the agency problem mentioned
above. This not only has a direct implication on the payout policy of firms, but
also affects firms’ capital accumulation paths over time. Furthermore, note that the
total cost defined as ® + Z is state-dependent, depending on the firms’ choices of
extensive margins on the dividend payout. Specifically, even if each of ® and = is a
convex function, total cost function is non-convex in investment. Figure 4 displays
this feature. Notice that the level of investment corresponding to the minimum cost
of non dividend payment, (®° + Z°) is bigger than that of the minimum cost when
paying dividend, (®! + Z!) . This property results from the fact that dividend payment
effectively reduces the range of possible investments by lowering down cash flow in hand.
In addition, the total cost function shifts to the right as capital increases. Once a firm
has enough cash in hand and fewer marginal profitable investment options, it has the
incentive to pay dividends to reduce the cash holding cost as well as the investment
adjustment cost.

The recursive problem of firm (2) is well defined, and the existence of a solution

can be easily established, summarized in the following proposition.
Proposition 2.1.1. There ezists a solution to the functional equation (2) .
Proof. We refer to Theorem 9.6 in Stokey and Lucas (1989).

Now we characterize the firm dynamics implied by our model. In light of optimal

dividend policy, the probability of paying dividends is described as
P{a=1|S}=1

if and only if V! > V9 given the state vector S € S. In this context, the propensity to
pay dividends (PPD, hereinafter) following Fama and French (2001) is defined as,

P {asn = 15,) = / 100u0Q (St4]S2) (3)

in which d@ is the transition density of S. This PPD measure is reminiscent of a
hazard function in that a firm usually does not pay dividends at its initiation, yet it

tends to pay dividends as it matures. In addition, (3) states that capital, aggregate



shock, and firm-specific shock (i.e., the elements of S;) determine optimal dividend
policy, and can be related to the size and the profitability of firms. Although we will
investigate this issue in detail through numerical analysis, we show some theoretical
predictions consistent with the empirical findings by Fama and French (2001) below.
For the purpose of illustration, we make a simplifying assumption that there are some
dividend payers and non-payers who will not change their types for this and next

sections.!!

Assumption 2.1.2. There exist compact sets S° and S* such that for bounded positive

integer sets {u’} and {u'},

S (“O) = {St €S| P{aws =0[S} =1, V0<s< u0}7 and U S (UO) -
{u®}

and

S(u') ={S; €S| P{ary, = 1S} =1, V0 < s <u'}, and | J S (u') = 8"
{u'}

Assumption 2.1.2 describes that if a firm’s state vector is located in S, then it
currently does not pay dividends and it has no propensity to pay dividends to share-
holders in a near future. But, in S!, a firm is paying a proportion of operating profit

as dividends for some periods. Then, we show the following.

Proposition 2.1.3. Suppose that ¢ = 1 in the investment adjustment cost function
for simplicity, for S € S° and % < I° < 1I. Under the technical Assumption A.1.1 in

Appendix A,
aI°(9) aI1°(9) a1°(S)
oK ox 0z

in which I° is the optimal investment when a firm does not pay dividends.

> 0, >0, and

> 0,

Proof. See Appendix A.

According to Proposition 2.1.3, the optimal investment increases in capital, aggre-
gate shock, and firm-specific shock, when a firm does not pay dividends. If a firm
starts to pay out, we find that this relationship becomes non-monotonic and is unable
to show. The complexity comes from the shift in conditional likelihood of initiating
dividend payment as either productivity shock or level of capital varies. For instance,

if the aggregate productivity shock z;, increases, then investment increases when there

'This exogeneity is not used in our main quantitative section.



is no dividend payment. But, the increases in firm profitability can also increase the
value of firm with or without dividend payment. Note that increases in productivity
can give more pressure to the firm manager toward paying dividends via the agency
cost channel. Then, the conditional probability of dividend payment can increase as
x or z goes up. This is illustrated in Figure 5. As z increases, the level of capital
that triggers dividend payment shifts leftward, implying that dividend is going to be
distributed at an earlier stage of firm maturity.

We expect that the optimal investment experiences a one-time reduction as divi-
dend starts getting paid, followed by a gradual increase of investment in capital. This

conjecture is confirmed in our numerical and empirical analysis (Section 4.2).

2.2 Preferences and Asset Prices

We assume that there is a representative household in this economy. The household
holds a continuum of stocks from a set of firms. This setting is borrowed from Lucas
tree model (Lucas (1978), Cochrane, Longstaff, and Santa-Clara (2008), and Martin
(2009)). The preference of this household is given by

o qu Ciia
EMZ@;q,

u=0

in which 5 € (0,1), and > 1. The budget constraint of the representative household

is written as

a+/BMmmz/%G%umw, (1)

where ¢;, is an outstanding share of stock i publicly traded from firm 7 in the stock
market, P;; is the price of asset of firm ¢ at time ¢, and D;; is the dividend from firm i

at time t. We assume that ¢, for all 7 and ¢ is equal to one, hence

a:/gm. (5)

This is a Lucas tree model with multiple assets. But, it is important to note that

the dividend processes of firms, {(Di)t}ie[ are endogenously determined by the firm

0,1
problem we developed previously, in lieu of 1]1$ing exogenous processes for endowments.
In addition, our setup incorporates financial frictions as well as real frictions, allowing
interactions between the two main pillars in corporate decision making.

Given the simplicity of the household setup, we can readily compute the fundamen-

tal asset pricing equation through the Euler equation of the representative household

10



as

Py =E

Z Mt,t-‘ruDit—I—u] ) (6)

u=1

in which M, ., is the stochastic pricing kernel such that,

Ciru\ Dipndi\ "
Mt,t+u = Bu ( as ) - ﬁu (f$> .

C, [ Dudi

Cochrane, Longstaff, and Santa-Clara (2008) show that the volatility of consumption
growth is endogenously related to a non-linear function of dividend shares (D;;/C}),
which leads to time-variations in risk premium. Our model shares this feature, and
endogenizes the dividend processes of individual firms, and aggregate dividend to ex-
plicitly link economic factors to asset returns, without relying on some ad-hoc statistical
processes.

Recently, there are several papers studying asset returns via variables related to the
investment and production sides of firms (See Zhang (2005), Li, Livdan, and Zhang
(2009), and Livdan, Sapriza, and Zhang (2009)). However, we depart from this lit-
erature by emphasizing the role of endogenous dividend policy to explain the cross-
sectional behaviors of asset returns. In addition, they assume a version of stochastic
risk aversion to generate time-varying risk premium unlike this model in which the risk
premium is endogenously countercyclical.

Expected returns, market sizes, book-to-market equity ratios and some sort of risks
are functions of three state variables K;; z; and x;. The risk and expected return of

firm ¢ satisfy
Et [Rit—l—l] = th + ﬁit)\Mt or IE’t [Tit-i-l] —Tp = Bit)‘Mt‘

The quantity of risk is given by

_ Cov, [Mt,t+17 RitJrl]
Var; [Mt,tJrl] ’

Bit

the price of risk is given by
_ Vary [My444]

Ay = ———————=,
MEZ By [My ]

11



and the maximum conditional Sharpe ratio is given by

E, [Rt—i-l] B th
Ot [Rt+1]

O¢ [Mt,t+1]
= By [Mip4a]’

in which R is assumed to be located on the mean-standard deviation frontier (Cochrane
(2005)). The market size is P;; since we already assume that a supplied outstanding

share of stock i, ¢, is one. Then, book-to-market equity ratio is defined as

BE; K,
MEy — Py

2.3 Equilibrium

By developing a recursive competitive equilibrium model, we characterize the aggregate
behaviors of the economy. We assume that aggregate demand is automatically cleared
at the aggregate output. Asset prices (P;;) are real prices normalized by the output
price, and we can suppress the output price. Let 1, denote the measure over the capital
stocks and idiosyncratic shocks for all the firms at time ¢ and let W (p,, 24, £441) be the
law of motion for the firm distribution p,. Then W (1, x;, 2411) can be stated formally

as
Poir (i) = T (S, (K, 2t) 5 20) py (K 25 24) (7)

in which the operator 7' is defined as

T (S, Ky, z510) = //1{1t+(13)m,zt+1es}d@z (2t41]2) dQy (w441 |2¢) (8)

in which 1y, is the indicator function. The operator T' determines the law of motion
of the firm distribution .

The total economic output can be written as

Y, = /y(Kt;Z’t;%) dltt (Ktazt)y

in equation (9). The resource constraint for this economy is given by

Definition 2.3.1. A recursive competitive equilibrium is characterized by (a) an op-

timal investment rule I*(S;), an optimal dividend policy D* (S;) as well as a value

12



function V* (S;) for each firm, (b) an optimal consumption C* (u,,x;) for a represen-
tative household given asset prices P (S;), and (¢) a law of motion of firm distribution
U™ such that:

1. I*(S;) and D*(S;), hence v*(S;) solve the value-maximization problem (2) for

each firm,
2. C* (u;, x¢) solves the household utility-maximization problem,
3. P(S;) is determined in (6),

4. Consistency: (9) holds for the consistency of the production of all firms in the
industry with the aggregate output Y;. (7) and (8) hold for the consistency of

the law of motion of firm distribution ¥* with firms’ optimal decisions.

5. Market clearing condition: from (5) and (9),
Y, =G+ / (v + @) di,

and ¢;, = 1 for all ¢ and t.

Proposition 2.3.2. There exists a unique recursive general equilibrium.

Proof. See Appendix A.

3 Cross Sections of Stock Returns

Since our model incorporates key aspects of corporate decision making on capital ac-
cumulation and dividend payout which, in turn, determine the wealth of investors in
equilibrium, the model offers a theoretical laboratory to analyze the stylized facts from
the empirical asset pricing studies, such as (Fama and French (1992)). In particular,
we focus on the value and size premia. The first step is to illustrate the theoretical

possibility via simple examples, paving the way to the quantitative analysis.

3.1 The Value Premium

The expected excess return is decomposed into a term indicating the discount risk
effect and the other term representing the cash flow risk effect following (Santos and
Veronesi (2009)) as

Et [Rit+1] - th = ( Etf + 5?;“) )\Mta (10)

13



in which

D.
M it+1
v Covt[ ti+1 ~p,

it T ’
Vary [My 1]
Covy | My, Dttt
o tt+1,

disc __ Pit

L Var, [Mt,t+1]

Alternatively, the expected stock return can be explained in two parts, the expected
rate of capital gain (expected long-term dividend growth rate) and the expected divi-
dend price ratio (Fama and French (2002), and Chen, Petkova, and Zhang (2008)) such
that,
Ei [Piv1] | By [Diryd]
E; [Ritv1] = ) 11
Wl ==p =75, ()

Now we show that the value premium can result from both the discount risk and cash

flow risk under some conditions.

Proposition 3.1.1. Suppose that there are only two assets in the economy with Ky, <
Ky, Py = Py with the Assumptions 2.1.2 and A.1.2. Further, we assume that

(Klt,xt, th) S SO and (th, X, th) € 81.
Then, the following relationships hold.
[ C disc dis
1{ < 52{: i< Ba’’,

hence,
Bt [Rit+1] < By [Rott1] -

Proof. See Appendix A.

The firm 1 with small capital is a growth stock compared to the firm 2 with larger
capital, a value firm by construction. Then the proposition states that the value
premium prevails, as long as the growth firm has not been paying the dividend (S°),
while the value firm pays (S'). It is worth mentioning that both the premiums from the
cash flow and discount risks are higher for the value firm. Admittedly the assumptions
used in this proposition are rather strong, which we do not impose in our quantitative
analysis. However, this permits us to gain insight on the roles of lumpy dividend policy
and the life cycle of firms in producing the value premium.

In this example, the cash flow beta ( ff) of the value firm is higher than that of

the growth firm, because the latter will not distribute its cash to a shareholder for a
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while, and the resulting conditional covariations will be zero. Thus, as long as it is a
reasonable assumption that non-dividend paying firms are the growth firms, which will
be shown in the next section, equity holders of those firms are exposed to lower cash
flow risks, since they are unlikely to pay dividends in a near future.

Interestingly, this intuition carries over in evaluating the discount effect as well.
According to the proposition, the equity of the firm 2 (value firm) will involve the higher
risk than that of the firm 1 (growth firm) for betting on long-term dividend growths
(Bl < Bois) At first glance, this result seems counterintuitive, because growth
firms are assets with high durations, implying that the more sensitive are their prices
to changes in the discount factor. It is well known that this leads to counterfactual
growth premiums. Lettau and Wachter (2007) assume that the discount rate shock
is uncorrelated with the aggregate dividend growth to turn this channel off, while
Santos and Veronesi (2009) increase idiosyncratic cash flow risks to counter the effect.
Although the same channel still exists in the model, there is another discount effect
from the short-run fluctuations in our case: Stocks currently paying dividends (value
firms) can be exposed to more discount risk than those not paying dividends (growth
firms) which has zero covariations with changes in the discount rate until they start
paying. If this dominates the effect of high duration, the value firm involves higher
risks from the shocks to discount rate.

More concretely, under the assumptions in Proposition 3.1.1, we have the following

relation
u0—1 D —
(zhsc - 5(11150 X = Z Covy | Myyi1, (Bypr — Ey) ((%) D2t+u+1>] ) (12)
— 2t+1
where

Cov, [Mt,t+17 (Et+1 - Et)

Doprurr ) 7
<M> D2t+u+1” <0 (13)

D2t+1

foru=0,1,---u’ The term (13) exhibits the discount risk effect of the value firm (firm
2) during a period in which the growth firm does not pay dividends. If the differences in
future dividends are relatively small by the time both firms pay dividends (Assumption
A.1.2), value premium can prevail because of the differences in dividend policy in the
next upcoming periods. Assumption A.1.2 is a quantitative concern, which we closely
examine in the next section. Notice from (12) that the value premium increases in
1 that measures how long the firm 1 will delay dividend payment, i.e., persistence
in dividend policy. As the growth firm delays paying dividends for a longer period,

the value premium is likely to be higher. In sum, a firm’s decisions on whether to
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pay dividend and its duration matter to generate the value premium in our model. Of
course, the assumption on the equal market value of the two firms (P, = P,) completely
ties the firm’s book value (K) with the book-to-market equity ratio (K/P). However,
the following proposition shows that if firms with larger (smaller) book values (K) are
those who (do not) pay dividends, their book-to-market equity ratios are consistent

with the rank order of book values.

Proposition 3.1.2. Suppose that there are only two assets without firm-specific shocks
in the economy with Ki; < Ko, the Assumption 2.1.2, and some parametric restric-
tions. If (K, ) € S8 and (Ko, x¢) € S' additionally hold, then

Ky, K
LSTRLCY
Py Py

Proof. See Appendix A.

The existing models such as Gomes, Kogan, and Zhang (2003) and Zhang (2005)
have the property that a growth firm pays more dividend than a value firm, which
is counterfactual. On the contrary, the above proposition suggests that, even without
firm-specific shocks, the firm paying dividends (firm 2) is more likely to be a value stock
compared to the firm 1 who is not paying dividends. Because the firm 1 has relatively
higher marginal profitability and a larger opportunity set, its value of growth options

given capital is greater than that of firm 2, inferred from the firm dynamics.

3.2 The Size Premium

This section explores the possibility of the size premium via dividend policy using
a simple Gordon model. We assume that there exist only two firms with Ki; < Ky
indexed by 1 and 2 in the economy. We further assume that Dy; = 0K?, and Dy, = 6 K9,
if dividends are distributed. Similar to the previous examples, for simplicity, we assume
that the firm 1 decides not to pay dividends until t+u°+1, and the firm 2 pays dividends
now. In addition, firms continue to pay dividends once it started. Finally, to control
for the value premium, two firms are assumed to have the same book-to-market equity

ratio, i.e., ” i
1t 2t

Py Py

The firm 1 (2), by construction, is a small (large) firm in this simple example.'?

12Because the marginal profitability of firm 1 is higher than the firm 2, this exogenous assumption
that small firms postpone the initiation of dividends used in this section is consistent with our firm
dynamics in section 2.
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Stock prices of the firms are then written as

ud+1 0
P — Z 5K (1+AP1/P1) (1+A51/P1) 6[(”’
L+7 (1+7)" (r—AP/P)

= 1+ APR/P\" (1+AP/P)6KS
Py = K |————=) = L
2t 26 2t( 14+r > (T—APQ/PQ) ’

u=u041

in which AP,/P; and AP,/P, are long-term dividend growth rates in Gordon model,
and 7 is a constant opportunity cost of capital in the financial market. AP;/P; and
AP,/ P, are less than 7 to have finite stock prices. We then solve for the difference of
two long-term dividend growth rates under the assumption of equal book-to-market

equity ratios to show that

A.Pl . APQ - <K2t) “0
P P Ky '

(K /Ky)? " is the ratio of marginal profitability of firm 2 to marginal profitability of
firm 1, which must be less than 1 according to the assumption. The difference between
two long-term dividend growth rates has the positive relation to u°, which presents the
firm 1’s dividend policy. This property implies that in the stock market, the expected
long-term dividend growth rate of the firm 1 is higher than the firm 2, even though
the firm 1 has the same book-to-market equity ratio as the firm 2. While the firm
1 starts to pay dividends later, the condition of equal book-to-market equity ratios
makes its long-term dividend growth rate expected to be higher. Plus, if the firm 1 has
the smaller capital, it will invest more in capital, postpone further the initiation time
of dividend payout by due to the increases in its marginal profitability. Consequently,
the expected capital gain of firm 1 must be higher than before. If the firm 2’s expected
dividend price ratio is sufficiently low, then the firm 1’s expected stock return must
be higher than the firm 2, implying the small firm’s size premium. One caveat of this
explanation is the lack of risk adjustment, and further quantitative analysis is desired.

To summarize, time-varying, persistent, and stochastic extensive margins in divi-
dend policy have potentials to explain cross-sectional variations in stock returns. How-
ever, as emphasized in the beginning of this section, dividend policy is a highly endoge-
nous process depending on the fundamental and firm specific shocks. To delve into this

issue, we now turn our attention back to the full model, and quantitatively analyze it.
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4 Quantitative Analysis

4.1 Calibration

We calibrate 12 parameters (5, pxjavaz,Jz,qb,é,ﬁ,uz,ﬁ,fl,fz) both in monthly and
quarterly frequencies to facilitate the comparison of our results with those from the
empirical literature. The monthly model is denoted as Model M, and the quarterly
model, as Model Q. The first parameter set (3 Pe.02,Ps 0z, 0,0, B) is calibrated outside
the models, and the second parameter set (u,,0,&,,&,) is calibrated inside the models
following the idea of generalized method of moments. Table 1 reports the parameter
values that we use to solve and simulate the models.

The monthly depreciation rate § is 1%, which implies an annual rate of 12% (Abel
and Eberly (2002)). The persistence of the aggregate productivity process (p,) is
0.95 and its conditional volatility (o, ) is 0.007, which are quarterly values. 0.983 and
0.0023 are the monthly values of those parameters, p, and o,, respectively. These
values are consistent with Cooley and Prescott (1995). For the persistence (p,) and
conditional volatility (¢,) of the firm-specific productivity shock, we set p, = 0.97 and
0, = 0.10 for monthly frequency. These values are chosen from the related literature
(e.g., Zhang (2005), Li, Livdan, and Zhang (2009), and Livdan, Sapriza, and Zhang
(2009)) to generate a plausible amount of dispersion in the cross-sectional distribution
of firms. We set p, = 0.912 and o, = 0.30 for quarterly frequency. The average payout
ratio (9) is calibrated to be 60%, borrowed from the average value of aggregate payout
ratios from 1981 to 2007 in CRSP/COMPUSTAT merged data. We choose the time
preference parameter, 5 = 0.998 on monthly and g = 0.994 on quarterly.

Regarding the second set of parameters (1,6, &;,&,), we calibrate those parameters

using the following procedure.!?

1. Set initial values for group A = (ug, 0°, ¢, 53) :

2. Solve the value function V' (S;;) such that,

(a) Each grid on the compact set S represents each firm in the market.

(b) By backward induction, solve the V?(S;) and V! (S;;) on each iteration,
and pick the bigger value.

13The convexity parameter of investment adjustment cost (¢) is normalized to one to conserve the
number of parameters used in our numerical study.
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3. From the converged value function V' (S;;), we have the operating profit func-
tion (profitability) and endogenous policy functions (investment-capital ratio,

disinvestment-capital ratio, and dividend policy) such that,

C(T(Si) Ly (Su) L-(Sa) Y
Zzt - ( Kz ) K@ ) Kz 7azt7A )

in which, I, is the net investment and /_ is the net disinvestment.

4. Define the generalized moments of policy functions as,
1 < .
- Y Zu—E[Zy=Z(N)-Z,
i=1

in which n is ng X n, X n., (ng: number of grids on Sk, n,: number of states of

x, and n,: number of states of z).

5. By iterating the process from step 1 to step 4, we solve the minimization problem

for the parameters as follows,

A= arggnin (Z(A) —Z)/W (Z(N)-2),

in which W is a weight matrix, and we use identity matrix in this study.

Our method is not the same as the conventional simulated method of moments since
we do not generate random numbers to compute the moments of endogenous policy
functions. Rather, generated moments are the average numbers of target values from
points on all grids of the compact state space while iterating value functions regarding
the values of Z. The average monthly profitability defined as the operating profit to
the capital ratio (II/K) is 1.25%, the value of the average monthly net investment
ratio (I, /K) is 1.25%, for the net disinvestment (I_/K), 0.17% is the average value
on monthly frequency. These values are reported by Abel and Eberly (2002). The
average proportion of firms in CRSP that paid dividends in a period from 1926 to
1999 is 49%. This number is borrowed from Fama and French (2001). The calibrated
parameters are A = (—2.0,0.68,323,0.084) for Model M and (—1.71,0.65,458,0.044)
for Model Model Q. The curvature parameter in the production function (#) is monthly
0.68 and quarterly 0.65, close to the values suggested by Livdan, Sapriza, and Zhang
(2009) or the average values estimated by Cooper and Ejarque (2001), Cooper and
Ejarque (2003), Hennessy and Whited (2005), and Hennessy and Whited (2007). The
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long-run average level of aggregate productivity (u,) is —2.0 for Model M and —1.71
for Model Q, which are higher than other free cash flow asset pricing models (e.g.,
Zhang (2005), Li, Livdan, and Zhang (2009), and Livdan, Sapriza, and Zhang (2009)).
The difference may come from the way this parameter is retrieved. They calibrate p,
and time-varying - exogenously by fitting the first and second moments of risk-free
rate data. Meanwhile, we use only firm characteristics data to calibrate it. Convexity
parameter of the cash holding cost (£;) and procyclical parameter of cash holding cost

(&) are 323, 458, and 0.084, 0.044 on monthly and quarterly frequencies, respectively.

4.2 Investment, Dividend Policy, and Cash Holdings

Panel (A)’s in Figures 6-9 display optimal investment behaviors as a function of capital
and productivity shocks (K, z, z). First, we observe that optimal investments increase
until capital stock (K) reaches level at which dividend payouts begin. When this
occurs, investment drops off by about the half of where it used to be. As discussed, =
and z determine the amount of investments, and they have positive relationships with
investment.

Panel (B)’s in Figures 6-9 show that the investment-capital ratios (//K) given z
and z decrease as capital stock increases, because of diminishing returns to scale of
capital. This is consistent with the view that young firms are more likely to invest
their resources in capital compared to mature firms. What is new in our model is that
a firm will execute a one-time discrete reduction of investment in its life cycle, as it
grows. The discrete shift in investment results from the lumpy behavior of dividend
policy, as we discussed earlier, because dividend payment substitutes for the amount of
investment. However, we want to emphasize that this does not necessarily imply that
investment and dividend payout will feature negative correlation, since adjustment
is costly for both investment and dividend and therefore, frequent changes of these
variables are unlikely to prevail. Only a few observations show conditionally negative
correlations, and the unconditional correlation between investment and dividend does
not need to be negative, because it can depend more on firm profitability, level of
capital, and related, firm age.

To verify if our policy function is a reasonable description of reality, Panels (A) and
(B) in Figure 10 plot the investment-book equity ratios of all firms in SIC 3000-3099,

sorted in terms of the book equity values'*. One can see the clear resemblance of this

4We compare our numerical solutions with all patterns of dividend policies and investments of
firms within 73 industries categorized by the first two digits of SIC code. It is confirmed that most of
industries have the similar patterns to our model solutions for firm dynamics. For example, we plot
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figure to the panel (B) of Figures 6-9. Firms with the smaller amount of capital invest
more, and the investment decreases rather abruptly as capital is accumulated. Panel
(C)’s in Figures 6-9 show the optimal dividend policies. Zero dividend equity ratios
mean that firms are not paying dividends, and positive numbers show that the firms pay
dividends. Firms with higher x and z are more likely to initiate their dividend payouts
earlier, since those firms will accumulate capital faster, hence they tend to mature
earlier than other firms. Recall that our model has the cash holding cost motivated
in part by the agency cost resulting from the tension between equity holders and the
firm manager. Thus, accumulated capital will lead to larger operating incomes which
trigger dividend payout. Panels (C) and (D) in Figure 10 illustrate this lumpiness in
dividend policy associated with the life cycle of firms. The pattern shown in this figure
clearly confirms our theoretical prediction depicted in the panel (C)’s of Figures 6-9.

It is natural to think that the propensity to pay dividends (PPD), P {a = 1|S} and
firm-characteristics such as profitability, investment, and the market value of capital
are associated with each other. Figures 6-9 suggest that our model indeed replicates the
stylized facts in Fama and French (2001) as mentioned earlier: Asset prices generated
by the model are consistent with the firm characteristics.

Panel (D)’s in Figures 6-9 plot the value functions of firm dynamics (2) which are
the present values of cash flows into cash holdings. These figures show that as K,
x, and z increase, a young firm’s present value of cash flows increases, but the value
of a mature firm which pays dividends decreases. For a young firm, the increases in
x and 2z make its managerial cost increase due to the procyclical cash holding cost,
and force the young firm to invest more cash in capital. Then, this procyclical effect
expedites the young firm’s initiation of dividend payouts earlier than when it has lower
x and z. For a mature firm, although it also shares this procyclicality channel, it will
face a relatively limited investment opportunity set due to its large capital. Thus, the
mature firms are bound to solve a more constrained optimization to minimize the total
managerial cost. This renders the mature firms to incur higher cash holding cost than
when it was young. This also makes them to pay more dividends to reduce the cash
holding cost. Thus, the present values of cash flows for the mature firms will become

smaller than those of younger firms, and decrease in x and z, ceteris paribus.

dividend policies and investments of firms within SIC 3000-3099.
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4.3 Analyzing Stock Returns

Now, to analyze the expected market return and cross sections of expected stock re-
turns, we simulate 200 artificial panels, each of which has 2703 firms on each state x.
Model M simulates average 2100 months to generate one panel, and Model Q simulates
average 1200 quarters on each panel. The cash flows are discounted by the computed
pricing kernels and summed up to szt in each panel j, where j = 1,...200, until all
Pgt’s converge, following the pricing formula (6). Then, the final stock price of firm i at
time t, Py, is computed by the average value of {R?;}?gol . Finally, the expected stock
returns are computed using Markov transition matrices of x and z approximated by the
method in Adda and Cooper (2003). We calculate the expected value-weighted stock
returns on each state, x, and consider them as the market portfolio returns, or the
wealth portfolio returns. In addition, the risk-free rate is computed by the reciprocal

of the average value of M,y using the simulated data.

4.3.1 Unconditional Moments of Aggregate Market Values

Table 2 reports the unconditional moments of market variables such as equity pre-
mium, risk-free rate, price-dividend ratio, book-to-market equity ratio, aggregate div-
idend growth, and the volatilities of those variables as well. The U.S. historical data
are collected from various sources. The average equity premium ranges from 4% to
8% according to the related literature. The volatility of market return is 19.4%, ac-
cording to Guvenen (2009), computed using Standard and Poor’s 500 index during
the period of 1890-1991. The empirical Sharpe ratio is 0.50, which is from Cochrane
(2005). The fitted model generates reasonable values for the expected equity premi-
ums compared to the data. Model M with v = 3 and Model Q with v = 3.5 have
the volatilities of stock market returns of 20.1% and 20.9%, which is close to 19.4%.
The cross-sectional volatility of individual stock returns is from 25% to 32% reported
by Zhang (2005). Model M reports higher volatilities than this, but Model Q reports
somewhat lower values. The actual rates of capital gain and dividend price ratio are
2.1% and 4.70% from Fama and French (2002) covering from 1872 to 2000. This means
that the dividend price ratio is about 123% larger than the capital gain in constitut-
ing the market equity return. The dividend price to capital gain ratios (D;11/AP; 1)
from all models are around 2.5, which is close to the empirical value. Turning to the
risk-free rate, annualized U.S. risk-free rate is 1.8% with volatility of 3.0% according to
Zhang (2005). The corresponding risk-free rates in Model M are relatively higher than

data. The historical standard deviation of risk-free rate is more volatile compared to
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the simulated values in Model M. Model O creates more volatile risk-free rates than
Model M. However, there are several other studies reporting that the risk-free rate
has much lower volatility, and therefore, we believe that our result on the risk-free rate
is reasonable.

Regarding the Sharpe ratio, the simulated Sharpe ratios have a wide range from
0.23 to 0.59 in Model M, and the range from 0.27 to 0.54 in Model Q. When rel-
ative risk aversion is between 3 and 4, our results are consistent with the empirical
counterpart. Model M generates aggregate dividend growths around 2.40%, with the
aggregate dividend growth volatilities at about 11.4%. Model Q generates somewhat
higher aggregate dividend growth volatilities of around 13%, which is close to the data,
13.4%, reported by Guvenen (2009), and the aggregate dividend growths are around
2.56%, which is fairly close to the empirical value, 2.5%. The average book-to-market
equity ratio (BE/ME) is 0.67 and its standard deviation is 0.23 according to Zhang
(2005). Model Q represents values of 0.62 and 0.24 respectively, which are again fairly
close to the data. We also compute (BE/ME)*™ /(BE/ME)"" " which is the
ratio of average book-to-market equity ratios of dividend payers and non-payers. The
empirical value is 1.32, computed using the CRSP/COMPUSTAT merged data. This
value states that high book-to-market firms are more likely to pay dividends (Smith
and Watts (1992) and Baker and Wurgler (2004)), and it is consistent with our theory
for the value premium. All of our simulated values are greater than 1, and Model Q has
values close to the data. For the average price-dividend ratio, as relative risk aversion
increases, models yield lower rates of price dividend ratios, but higher volatilities of
them. Results suggest that our model explains the data reasonably well with relative
risk aversion around 3.

Thus, the model replicates the moments of key financial market variables in both
monthly and quarterly versions. Note that all the parameters are fitted by matching
the moments of variables related to firm characteristics, not financial variables. The
model can capture the level and volatility of the historic equity premium, while keeping
plausible values for the first two moments of the risk-free rates. However, we must
mention that our model does not resolve the equity premium puzzle. Since our model
uses the equilibrium condition that the aggregate consumption is entirely financed by
the sum of dividend shares, the aggregate consumption volatility coincides with that
of aggregate dividend. This makes consumption growth highly volatile compared to
empirical evidence. To break this tight link between consumption and dividend, one
can include labor income or other types of capital or source of income not directly

traded in the market. Alternatively, modifying the preference function to generate a
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sufficient volatility size of the stochastic discount factor would be desired, following
Santos and Veronesi (2009).

4.3.2 Conditional Moments of Risk Premiums and Betas

Cochrane, Longstaff, and Santa-Clara (2008) and Martin (2009) extend Lucas (1978) to
set the aggregate endowment process as the sum of multiple trees exogenously given,
and show that the implied aggregate dividend (or consumption) volatility is time-
varying, and dependent on the dividend share. The intuition behind this result is that
the idiosyncratic shocks of each dividend process (tree) will induce dividend shares to
fluctuate via the binding equilibrium condition that consumption equals the sum of
these dividends. Then, the conditional moments of the aggregate consumption and
dividend growth will vary over time, as the relative contribution of each tree to the
aggregate process changes over time.

The model also has the feature of multiple dividend processes with the binding
equilibrium condition, and therefore, time-varying and stochastic volatilities of the
aggregate dividend can prevail as dividend shares vary. However, this does not pro-
vide much economic insight regarding the nature of this time-variability because div-
idend processes are exogenously given. In contrast, endogenous evolution of dividend
processes, especially from the infrequent adjustments, arises in the model and this has
additional implications on the time-series behaviors of the conditional moments on the
related stochastic discount factor.

We illustrate the point using a simple version of our model developed in the previous
section. Suppose that there exist only two firms indexed by 1 and 2 in the economy,
and these firms have only an aggregate shock, x; without firm-specific shocks, and zero
depreciation rate. In addition, K7, is assumed to be less than Ky (K < Koy < K ).
Then, the proposition 2.1.3 and the equilibrium condition state that the second firm
must pay the dividend, while the first firm may or may not pay the dividend. That is,
the condition (aj,as) € {(0,1),(1,1)} holds in equilibrium and (a1, a2) = (1,1) occurs
only when x is sufficiently high. Therefore, we can view (a1, az) = (0,1) as the recession
in this simple example. It is easy to show that the conditional mean and variance of

the aggregate dividend growth vary over time.

o2
el=pa)(ue—a1) {(Ku + Ilt)e E; [e® ayeqq] + (Ko + IZt)e e }
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This implies that the maximum conditional Sharpe ratio varies over time given the
definition of the stochastic discount factor. How do they change in response to changes
in business condition?

Figures 11 and 12 plot the countercyclical business cycle patterns of risk premiums,
Sharpe ratios, and the quantities of risks (/) for the full version of the model. The
expected stochastic discount factor in Panel (A) E; [M;+.1], increases in the aggregate
shock by intertemporal substitution, which means that the shareholder’s marginal util-
ity for the future is low in good times and high in bad times. So, the risk-free rate is
lower in good times, but higher in bad times, meaning that investors in good times are
likely to save more than in bad times from the argument of consumption smoothing.
Panels (B) and (C) numerically show that the volatility of the stochastic pricing kernel
and the maximum conditional Sharpe ratio have the countercyclical pattern.

Panels (A) to (C) in Figure 12 depict that conditional expected market returns
in Models M and Q have countercyclical variations over time, while Panels (B) and

(D) in Figure 12 demonstrate the same relationship via the quantities of risk (3,,) in
Models M and Q.

4.3.3 Cross-Sectional Analysis of Stock Returns

Factor Portfolios and Size-BE/MFE Portfolios To examine the value and size
premia, we follow the Fama-French method: Pool the factor portfolios, SMB (small mi-
nus big) and VMG (value minus growth, previously HML), and the six value-weighted
size— BE /M E portfolios (Fama and French (2006)). Firms below the median size are
defined as small (S) and those above are big (B). We assign firms to growth (G), neutral
(N), and value (V) groups if their BE/MFE is in the bottom 30%, middle 40%, or top
30% of simulated firms. The six portfolios, small and big growth (SG and BG), small
and big neutral (SN and BN), and small and big value (SV and BV) are the inter-
sections of these sorts. SMB is the simulated expected return on the three small-size
stock portfolios minus the expected returns on the three big-size stock portfolios such

that,
SG+SN+8SV  BG+BN+BV

SMB =
3 3 ’

and
SV + BV B SG + BG

2 2 ’

VMG =
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in which the value-growth factor, VMG is the difference between the expected returns
on the two value portfolios and the two growth portfolios. The empirical values in Table
3 are from Fama and French (2007), and Chen, Petkova, and Zhang (2008). Fama and
French (2007) analyze the financial market data from 1927 to 2006, and Chen, Petkova,
and Zhang (2008) deal with the data from 1945 to 2005. In both studies, value and
size premia prevail, and the average value premium is about twice bigger than the
average size premium, and the capital gain effect outperforms the dividend price effect
on both value and size premiums. On a more disaggregated level with six portfolios,
Fama and French (2007) report that the expected capital gain (long-term dividend
growth) has stronger effect than the expected dividend price, while Chen, Petkova,
and Zhang (2008) show that the latter has stronger effect when they use the return
with and without dividends. When they use annuity formula to measure long-term
dividend growth, they find that the expected long-run dividend growth effect is bigger
than the expected dividend-price effect in smaller stocks, and the latter is bigger in
larger stocks.

Our model produces results broadly consistent with data and Model Q shows better
performances. In case of Model M, Table 3 says that VMGs have the range from 14.3%
to 19.9%, and SMBs have the range from 3.85% to 12.6%. Although these numbers
are bigger than the empirical data, the dividend price effect is relatively smaller than
the long-term dividend growth effect, which is consistent with the empirical pattern
described above. In addition, on small stock portfolios (SG, SN, SV), the simulated
capital gain effects are bigger than the simulated dividend price effects, while the
opposite is true for bigger stocks (BG, BN, BV), consistent with Fama and French
(2007), and Chen, Petkova, and Zhang (2008). Quarterly version of our model (Model
Q) is similar to Model M, but these fit the data better. One caveat is that the model
generates negative returns for big growth (BG) firms in monthly models. One can
observe that the negativity of the equity returns from big growth firms comes from
the expected capital gain effect (AP/P). We suspect that this is partly due to the
fact that our setup has a stochastic discount factor formed by a simple power utility
function, given that this problem appears to be mitigated as risk aversion increases.

To demonstrate the countercyclical time-variation in VMG and value spread!’, we
plot VMGs and value spreads at quarterly frequency with v = 3.5 in Figure 13. Zhang
(2005) argues that the exogenous countercyclical price of risk and the value firm’s in-

flexibility of reversibility make the value premium and value spread countercyclical.

15The value spreads are computed by the difference between the log BE/M E of the value portfolio
and the log BE/ME of the growth portfolio (Cohen, Polk, and Vuolteenaho (2003)).
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Meanwhile, we focus on the extensive margins of dividend policy and investment be-
haviors and these frictions in financial and real sectors lead to countercyclical value

premiums and value spreads as well as other cross-sectional variations in stock returns.

Decile Portfolios sorted by BE/MFE, Size, and PPD We now pool decile port-
folios sorted by the BE/ME and the size following the Fama-French method (Fama
and French (1992)). The individual stocks are grouped into 10 portfolios sorted by
book-to-market equity ratios and market values. The annualized expected portfolio re-
turns are calculated as the equal-weighted portfolio returns. Additionally, we generate
new 10 portfolios sorted by a;; values, which are fitted propensities to pay dividends
such that,

P{ay = 1Sy} = sy = Gq + bay In MEjy + by BE /M Eyy + basIiy ) Ky + boaIliy/ K,

in which &, = —1.42, B(u = 0.30, Z;ag = 0.73, Z)ag = —12.4, and l;a4 = 10.7 on average
values.! Each coefficient is significant, and they represent the effects of the size, the
book-to-market equity ratio, the investment, and the profitability, respectively. The
signs of all coefficients are consistent with the empirical results in Fama and French
(2001), and Denis and Osobov (2008).

Figure 14 based on Models M and Q shows that the value premium prevails even
with a finer grid of value portfolios (Panels (A) and (D)). The value premiums projected
by our model outperform the simulated data of Gomes, Kogan, and Zhang (2003) and
Zhang (2005). The graphs show the robustness of our model for the value premium
at each frequency. Panels (B) and (E) present that the size portfolios have the size
premium correspondent to the empirical facts. Especially, the expected size premiums
on the first and second decile portfolios are coherent to the movement of the empirical
data due to non-existence of dividend price effect. However, the size premiums on
other portfolios disappear as CRRA increases. The 10 portfolios sorted by PPD (a;)
have risk premiums consistently increasing in PPD (Panels (C) and (F) in Figure 14).
BE/ME and PPD are theoretically associated with each other since PPD represents
the probability of occurrence of cash flow into shareholders, and the book-to-market
equity is positively related to the cash flow risk as stated in Proposition 3.1.1. Thus,
these Panels (C) and (F) demonstrate that the propensity to pay dividends captures

the risk factor on cross-sectional behaviors of individual stock returns.

16]n M E;; denotes the log market size that is generated by In Py in our model.
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5 Conclusion

This paper considers an important dimension of corporate decision, dividend policy, to
construct a general equilibrium model of production and investment with many firms
to analyze stock returns. This model not only links firm characteristics such as size
and book-to-market equity ratio to stock returns, but also explains the relationships
of these variables with the propensity to pay dividends and the profitability of firms.
We focus on the extensive margin of dividend policy such that dividend policy can be
highly persistent with occasional discrete shifts. According to the model, firms pay no
dividend if they are either young and growing or showing very poor performances. On
the other hand, dividend-paying firms are the mature firms with relatively high book-to-
market equity ratios or showing very good performances. The existence of persistently
zero dividend payouts makes cash flow risks smaller due to the lack of covariations
of these risks with the stochastic discount factor. This can generate the value and
size premia, because of the diverse patterns of dividend payment for those respective
firms. Quantitative results show that the model can explain the cross sections of stock
returns by interactions between dividend payouts and other firm variables, which cries
out for more rigorous studies. Modeling more corporate financial features, such as
stock repurchases and capital structure, is a natural next step to further analyze this
aspect.

Finally, the potential lumpiness in individual cash flows has a few interesting im-
plications for the time-series behaviors of aggregate variables as well. Specifically,
the model, despite simple preferences used for the stochastic discount factor, gener-
ates countercyclical variations in market risk premiums and time-varying volatilities
of aggregate dividend and asset returns. More realistic stochastic discount factors and
the inclusion of labor or non-tradable goods market will be useful additions to better

understand this feature. We leave these to future works.
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A Technical Assumptions and Proofs

A.1 Technical Assumptions
Assumption A.1.1. We assume that
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Assumption A.1.2. If Sj, .1 and Sy 41 are in S', and Py = Py, then
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A.2 Proof of Proposition 2.1.3

We suppress subscripts and superscripts for the simplicity. From (2), the first order conditions for
the investment is
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By the implicit function theorem, I /0K is
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(14)

We know that By [V k] < 0 since the value function of dynamic programming is concave in Stokey
and Lucas (1989). From the assumption e*** K? < 31° and the first condition of Assumption A.1.1,
the numerator and denominator of (14) are positive, hence

ol

For 0I/0x, we have

6,657 (14 K) (1% — 2K (—&,1 + e K + 6,67 K)) + 26K B, [Vic]

. 15
38,€52712 + 281 €827 K2 + 2K (K — & €527 (e*t2 K9 — 31)) — 2B KBy [Vkk] (15)
From the second condition in Assumption A.1.1., the numerator of (15) is positive, thus
ol
— > 0.
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For 0I/0z, the following is
oI 2K (516(1+£1)x+2[(9 (I+K> —|—ﬂK2Et [VKZD (16)

0z 3E,e8712 1 28,¢82 K2 + 2K (K — €87 (e"2 K% — 31)) — 2BK2Ey Vi k|

32



We have the assumption such that

£1€(I+£2)w+zK6’—2 (3K + ew+zK9)

E; [Vk.] > ,
¢ [V 35
then, the numerator of (16) is positive, therefore,
ol
— >0,
0z
which completes the proof. O

A.3 Proof of Proposition 2.3.2

We refer to Proposition 2.1.1. Our recursive general equilibrium model is based on the industry
equilibrium model (Hopenhayn (1992)). We can apply Theorem 2 in the proof of Proposition 2 of
Appendix A in Zhang (2005). O

A.4 Proof of Proposition 3.1.1

First, the cash flow risk effect is,

C M. D141 C M. Doiy1 C Doy Y Doty
OVt | Mt t4+1, —p,, OV | Mt,t4+1, —p,, OVt 1\ Dayyr ) 7 Pt
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For the discount risk effect, from (6), by the law of iterated expectation, we can show the following:
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The innovation between APy, 1 and By [APj414] is

kad u Ct-‘rl K Ct+1 K
E B | B Dipyuyr| — B Dityut1]| |-
Ciyut1 Crtutr

u=u0

Et [P1t+1 - Plt] = Et

Similarly, for the stock of the firm 2,
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By Assumption A.1.2, the difference between the innovations of expected capital gains is
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Then, by the independence of x¢, z1; and zo;, the difference of discount risk effects of firm 1 and 2 is
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Then, for 1 <u < 4% —1,
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Let v = 1, then by Jensen’s inequality,
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Now, we want to generalize the result above for v > 2. Before the start, we assume that there do not
exist firm-specific shock, 1, = 0, and the investment process is determined at time ¢#'7. Then,
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17The first two restrictions are assumed for only mathematical simplicity.
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also, for v > 2,
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which shows Jensen’s inequality effect, and leads to
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The proof is completed.

A.5 Proof of Proposition 3.1.2

From (6), for some integer u® > 0
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Then, dividend-equity ratios for firm ¢ = 1,2 are
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For simplicity, let us assume that 6 = 0. We know that K, ; is determined at t. That is,

o B ] e (B 5]
1t ot 1 o

since for any u®+1 < w < u, I /K is monotone decreasing with respect to K because of the diminishing
return to scale, i.e.,
I1t+u7w > IQtJrufw
Kyt Ko

.. . Ditiu D .
The minimum of expected difference between % and % is defined as, for any u > 0,

: Dityu D2t+u:|
d=minE, | —— — ——| > 0.
' [ Ky Ko

Then, for v > 1,

Py Py 1
S 22y 2 S
(Klt K2t> D3, — Zﬂ lCV en

o Z ﬁUEt |:Ct’y+u:|

u=u+1

7J.0
1-=8—-g() ' ot (1-B-3g(y—1)) Kz C;Y-'r_ll 7
in which
E: [C;) E, |C
g('}/) = min{ t [ t+u+1] t [ t+u] }’
B D% [Ct+u]
B O] - B [enQY]
g(y—1) =max ey
B |:Ct+;/ }

g () is the minimum for growth rates of expected marginal utilities of consumption with v, and
g (v — 1) is the maximum for growth rates of expected marginal utilities of consumption with v — 1.

If parametric restrictions are held such that E; {I/C;_ugﬂ] > E, {1/ ( t_"__lldKQt):| and
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Table 1: Benchmark Parameter Value Sets
This table lists the benchmark parameters used to solve and simulate the model. We calibrate 12

parameters (5, [N (/),6,@,%,9,51752) in monthly frequency and quarterly frequency to be
consistent with the empirical literature. The monthly model is denoted as Model M, and the quar-
terly model, as Model Q. We categorize all parameters into two groups. The first parameter group
(5,vaaz,pz,oz,¢,5,ﬁ) is calibrated outside models, and the second parameter group (u,,0,&;,&5)

is calibrated inside models by the method using the idea of generalized method of moments. The
moments to be used in this calibration are from average values of policy functions converged on
grids of compact state space: profitability (II(S;;)/K;:), investment-capital ratio (It (Si) /Kit),
disinvestment-capital ratio (I_ (S;+) /K;:), and paying or not-paying dividend policy (a;:) .

Parameter Model M (Monthly) Model Q (Quarterly) Description

Calibrated Outside the Model

o 0.01 0.03 Capital depreciation rate

Pa 0.983 0.95 Persistence coefficient of aggregate productivity
oz 0.0023 0.007 Conditional volatility of aggregate productivity
P 0.97 0.912 Persistence coefficient of firm-specific productivity
o 0.10 0.30 Conditional volatility of firm-specific productivity
¢ 1 1 Convexity parameter of investment adjustment cost
J 0.6 0.6 Long-run average level of dividend payout ratios
B8 0.998 0.994 Time preference coefficient

Calibrated Inside the Model

. —-2.0 —-1.71 Long-run average level of aggregate productivity
0 0.68 0.65 Curvature in the production function

& 323 458 Convexity parameter of cash holding cost

& 0.084 0.044 Procyclical parameter of cash holding cost
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Table 2: Unconditional Moments of Market Values
This table reports a set of key unconditional moments of market values under the benchmark models
M and Q with parameters in Table 1. The empirical range of equity premium (rp; — ) is from

the variety of finance literature. The volatility of market return (o [ras]) is from Guvenen (2009)
that is computed by Standard and Poor’s 500 index covering 1890-1991. The cross-sectional volatil-
ity of individual stock returns (o [r;]) is reported by Zhang (2005). The capital gain (AP;11/P;)

and dividend price ratio (D;y1/P;) effects of market returns are reported by Fama and French
(2002). The risk-free rate (ry), its volatility (o [rs]), BE/ME, and ¢ [BE/ME] are from Zhang
(2005). (BE/ME)*™ /(BE/ME)"" "% is the ratio of average book-to-market equity ratios of
dividend payers and non-payers. It is computed using CRSP/COMPUSTAT merged data. Empirical
Sharpe ratio is reported by Cochrane (2005). The average of price dividend ratio (P/D), the average
volatility of log of price dividend ratio (o [log P/D]), the aggregate dividend growth and its volatility
(Alog D,o [Alog D]) are reported by Guvenen (2009).

U.S. Data Model M Model Q
Annualized Data (%) y=2 =3 ~v=4 y=2 =3 ~=35

Market Return and Risk-Free Rate

TM TS 4 to 8 1.14 4.67 11.2 1.40 5.81 8.75
o [ru] 19.4 13.3 201 27.3 11.6  17.7 20.9
o [rs] 25 to 32 47.1 48.7 51.1 21.8 22.6 22.8
AP;11/ Py 2.10 2.02 2.51 3.20 1.49 2.16 2.58
Diy1/Ps 4.70 3.87 6.06 9.40 3.64 5.18 6.17
Ty 1.80 4.75 3.90 1.42 3.73 1.54 0.00
o [ry] 3.00 0.93 1.14 1.23 1.17 2.06 1.62
o [M] 0.49 0.22 0.37 0.57 0.26 0.43 0.54
Sharpe Ratio 0.50 0.23 0.38 0.59 0.27 0.44 0.54
Aggregate Dividend Growth

Alog D 2.50 2.40 2.39 2.40 2.59 2.56 2.56
o [Alog D] 13.4 11.5 11.4 11.4 13.9 13.8 13.6
Book-to-Market

BE/ME 0.67 0.16 0.24 0.37 0.37 0.52 0.62
o [BE/ME] 0.23 0.07 0.10 0.15 0.15 0.20 0.24

(BE/ME)P2ver

(BE/IE)yompaver 1.32 2.34 2.27 2.20 1.70 1.65 1.63
Price-Dividend Ratio

P/D 22.1 26.3 16.8 10.9 28.9 20.5 17.3
o [log P/D] 26.3 8.49 16.8 24.6 12.0 23.5 29.2
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Table 3: Size and Value Factors and the Size-BE /M E Portfolios
This table lists the size and value factors and the six size-BE/M E portfolios. We follow the Fama-
French method to pool the factor portfolios, SMB (small minus big) and VMG (value minus growth,
previously HML), and the six value-weighted size-BE/ME portfolios (Fama and French (2006)).
Firms below the median size are small (S) and those above are big (B) in simulated 2703 firms. We
assign firms to growth (G), neutral (N), and value (V) groups if their BE/ME is in the bottom 30%,
middle 40%, or top 30% of simulated firms. The six portfolios, small and big growth (SG and BG),

small and big neutral (SN and BN), and small and big value (SV and BV) are the intersections of
these sorts. In our models M and Q, SMB is the simulated expected returns on the three small-size

stock portfolios minus the returns on the three big-size stock portfolios such that, SMB:w —
BG+B#,and VMG:SVJQBV — SGJQBG , which is the value-growth factor, VMG is the expected

returns on the two value portfolios minus the expected returns on the two growth portfolios. The
empirical capital gain (AP;41/P;), dividend price ratio (Dy41/P;) effects, and returns for size and
value portfolios are reported by Fama and French (2007), and Chen, Petkova, and Zhang (2008).

Factor Portfolios Size-BE /M E Portfolios
rmM—rg SMB VMG SG SN SV BG BN BV

Annualized Data(%)
1927-2006 data (Fama and French (2007))

4to 8 1.67 4.19 8.69 129 144 9.18 10.0 11.8
AP;11/P 2.51 3.43 570 9.04 112 5.80 5.54 7.13
D1 /P —0.84 0.77 298 3.87 3.21 3.39 4.49 4.69
1945-2005 data (Chen, Petkova, and Zhang (2008))
4to8 2.70 5.20 8.60 124 15.1 7.80 8.50 11.7
AP;11/P 3.00 4.95 2.10 5.50 10.3 2.70 1.80 4.40
Diy1/P: —0.30 0.25 6.50 6.90 4.80 5.10 6.70 7.30
Estimated Expected Values (Chen, Petkova, and Zhang (2008))
4to 8 2.13 6.10 480 9.30 13.2 5.60 6.00 9.30
APi11/P 3.06 4.40 2.10 5.50 9.40 2.40 1.50 3.90
Diy1/P: —0.93 1.70 2.70 3.80 3.80 3.10 4.50 5.40
Model M (Monthly)
v=2 1.14 12.6 19.9 461 7.02 236 —144 5.19 6.54
AP;11/P; 16.4 17.7 429 474 206 —187 —1.45 0.45
Diy1/P: —3.82 2.2 0.33 2.28 299 4.32 6.64 6.09
vy=3 4.67 8.88 17.4 593 9.04 20.7 —9.97 8.90 10.1
APi11/P 15.6 15.2 539 5.65 16.0 —19.0 —1.48 0.69
Dit1/P: —6.74 2.22 0.54 3.39 4.62 9.03 10.4 9.38
vy=4 11.2 3.85 14.3 8.05 11.7 209 —-0.62 14.7 15.1
APiy1/P: 14.3 11.1 719 6.77 13.8 —14.7 —1.44 0.88
Di+1/P: —10.4 3.21 0.86 4.92 T7.12 14.1 16.1 14.2
Model Q (Quarterly)
v=2 1.40 3.28 6.17 4.06 5.78 999 —0.50 4.59 5.91
AP;11/P 7.40 2.62 4.02 553 9.09 -050 -—-273 —-0.34
Dit1/P: —4.13 3.55 0.04 0.25 0.90 0.00 7.32 6.25
vy=3 5.81 1.60 6.97 494 7.08 10.5 0.76 7.91 9.09
APiy1 /P 7.47 2.17 489 6.76 9.44 0.76 —2.61 0.53
Diy1/P: —5.87 4.80 0.05 0.32 1.10 0.00 10.5 8.56
v=3.5 8.75 0.48 6.90 5.65 7.82 114 2.68 10.1 10.7
AP;11/P; 7.43 1.48 5.59 7.41 10.2 2.67 —2.73 0.99
Diy1/P; —6.95 5.41 0.06 041 1.21 0.01 12.8 9.69
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Figure 1: Lumpy Dividend Policies
This figure shows that eight firms have lumpy dividend policies with fixed payout ratios for examples.
DPS is dividends per share (DVPSX F) and EPS is earnings per share (EPSPX) at fiscal year, ¢ in

CRSP/COMPUSTAT merged data. Star-solid line shows DPS and diamond-solid line plots EPS.
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Figure 2: Aggregate Payout Ratios
This figure shows aggregate payout ratios in the U.S. stock market, and the regression coefficients
such that

I
Xt + €t.

¢ is computed as the aggregation of dividends per share (DVPSX _F) over the aggregation of earnings
per share (EPSPX) at the fiscal year, ¢ in CRSP/COMPUSTAT merged data (CCM). II;/K; is the
aggregated profitability as > II;;/ > " | A; using EBITDA (II;;, earnings before interest, taxes,
depreciation and amortization) and AT (A;, assets - total) in CCM, and I;/A; is the aggregated
investment ratio as Y ., Ijz/ > iy A, in which I;; is CAPX (capital expenditures) minus SPPE
(sale of property) in CCM. Panel (A) shows payout ratios, Panels (B) and (C) show fs; and Sy,
with moving windows of 27 years, which have starting years from 1950 to 1980. Dashed lines show
99-percent bandwidth using Newey-West autocorrelation consistent covariance estimators.
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Figure 4: Non-convex Managerial Cost: 1 4+ =
This figure shows the managerial costs for paying or not-paying dividends. In Panel (A), the

dash-dot line represents the managerial cost without paying dividends (<I>0 + EO), and the solid line

shows the managerial cost while paying dividends to shareholders (<I>1 + El). Arrows show directions
of the increase in capital. Panel (B) shows the total managerial cost which a firm faces in dynamic

programming problem.
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250 \
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Figure 5: V° and V! according to Increase in x
This figure shows movements of V? and V! according to the increase in ;. The graph is drawn from
the fitted model with quarterly frequency. For the ease of exposition, only the local neighborhood
around the point at which V; = Vj is displayed. The arrow indicates the direction along which x
increases, and the ellipses present levels of the capital and the present value of cash flows where firms
initiate dividend payouts.
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Figure 11: Countercyclical Time-Varying Risks
This figure plots the key moments of the stochastic pricing kernel, M; ;1. Panel (A) shows
the conditional mean (E;[M;+1]). Panel (B) and Panel (C) present the conditional volatility
(04 [My,141]) and the conditional Sharpe ratio (o [My ¢11] /Ei [My,141]) , respectively, based on Model
Q with v = 3.5.
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Figure 12: Conditional Expected Market Returns and [3,, as Quantities of Risks
This figure plots the conditional expected market returns and the conditional quantities of risks ;s
on monthly frequency (Panels (A) and (B)) and quarterly frequency (Panels (C) and (D)) according
to CRRA (v).
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Figure 13: Time-Varying VMG and Value Spread in Quarterly Frequency
This figure plots expected VMGs and value spreads at quarterly frequency model with v = 3.5.
We follow the Fama-French method to pool VMG (value minus growth, previously HML) portfolios
(Fama and French (2006)). Expected VMGs are the expected returns on the two value portfolios
minus the expected returns on the two growth portfolios such that VMG= SVQBV — SGJQBG (see
Table 3). The value spreads are computed by the difference between the log BE/ME of the value
portfolio and the log BE/ME of the growth portfolio (Cohen, Polk, and Vuolteenaho (2003)). Panel

(A) shows VMGs according to states, x;. Panel (B) shows value spreads according to states, z;.
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