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Abstract

Forecasting volatility of interest rates remains a challenge in finance. An important
aspect of any dynamic model of volatility is the fact that volatility is a positive process,
not only with respect to the historical measure, but also with respect to the risk
neutral measure. As a consequence, risk neutral forecasts of volatility must also always
remain positive. One way for this admissibility condition to hold is for volatility to
represent an autonomous process under the risk neutral measure. In contrast to the
historical time series, the cross section of bond yield provides very precise information
about risk neutral forecasts and therefore strong guidance to which combinations of
yields are autonomous. We conclude that in the stochastic volatility setting, the no
arbitrage assumption provides strong over-identifying constraints which, when the model
is correctly specified, improve inference on the volatility instrument.
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1 Introduction

Forecasting volatility of interest rates remains an important challenge in finance.! A rich
body of literature has shown that the volatility of the yield curve is, at least partially, related
to the shape of the yield curve. For example, volatility of interest rates is usually high when
interest rates are high and when the yield curve exhibits higher curvature (see Cox, Ingersoll,
and Ross (1985), Litterman, Scheinkman, and Weiss (1991), and Longstaff and Schwartz
(1992), among others). This suggests that the shape of the yield curve is a potentially useful
instrument for forecasting volatility. In this paper, we assess whether standard no arbitrage
affine term structure models can improve the precision of estimation of volatility instruments.

We find that instruments for a positive volatility process are strongly identified by the cross
section of yields. The key to our results is that volatility must be a positive process not only
under the historical measure but also under the risk neutral measure. Any linear combination
of yields which is forecasted to be negative (or has a positive probability of achieving a
negative value) under the risk neutral measure cannot be an instrument for volatility and
maintain positivity. We show that since the risk neutral distribution is estimated much more
precisely than the historical distribution, these conditions precisely identify which instruments
maintain positive volatility. Morever, risk neutral forecasts of yields are largely invariant to
any volatility considerations (see, e.g. Campbell (1986) or Joslin (2010).) This implies the
striking conclusion that at a Gaussian term structure model — which has constant volatility —
can reveal which instruments would be admissible for a stochastic volatility model.

To develop some intuition for our results, consider a simple time series model of the yield
curve. Consider a standard vector autoregression of the principle components of the yield
curve (level, slope and curvature), denoted P:

AP, = Ko+ KiPy + €141 (1)

In order to capture time-variation in volatility of the level, we can project squared changes in
the level of interest rates onto the principal components along the lines of Campbell (1987)
and Harvey (1989) through the regression

(AP =a+ - P +e (2)

This simple instrumentation procedure suggests that the variance of the level factor could be
instrumented by V; = o + 8- P,.? Alternatively, one could use other proxies for conditional
variance, such as from realized volatility or time-series models.

Assuming that volatilities of all the principle components have a one-factor structure, we
could then generate a fully dynamic affine model of the term structure by modifying the
VAR in (1) so that the conditional covariance of the innovation, €1, is affine in a + 3 - P;.
However, this process may not be well-defined since volatility may become negative. Following
Dai and Singleton (2000), we will refer to any condition required for a well-defined positive

1See Poon and Granger (2003) or Andersen and Benzoni (2008) for recent surveys of volatility forecasting.
2In principle, the projection in (2) could result in negative variances. Ensuring positivity here represents
an additional constraint.



volatility process as an admissibility condition. A sufficient condition for volatility to be a
positive process is that the variance defines an autonomous (discrete-time) Cox Ingersoll
Ross (CIR) process. When there is a single volatility factor and the other risk factors are
conditionally Gaussian, this condition is also necessary.® Among other things, this means
that the conditional mean of AV;, /(Ko + K1P;), should depend on only V;. This happens
only when ('K, is a multiple of #’. That is, 8’ is a left-eigenvector of K.

Requiring that this time series model rule out arbitrage opportunities introduces a starker
version of these over-identifying restrictions. The condition of no arbitrage gives rise to
the existence of a risk neutral measure Q. Joslin, Singleton, and Zhu (2010) show that the
risk-neutral distribution can be characterized through the equation

AP, = K@+ KYP, + €2, (3)

where (Ké}, K;@) are appropriately constrained to maintain the internal consistency of no
arbitrage. Admissibility requires that volatility must be autonomous under Q. Thus £’ must
also be a left eigenvector of K.

The fact that admissibility requires that volatility is an autonomous process under both
the historical and risk neutral measures represents a tension between the conditional first and
second moments given by (1), (2), and (3). Unless the estimate of § is, simultaneously, a left
eigenvector of Ky and K ;@ , a joint estimation procedure designed to produce an admissible
process will necessarily trade off the fit of these three equations. Naturally, equations with
the least statistical errors will be given the most weight. As is commonly observed, K (1@
can be estimated very precisely, particularly relative to parameters underlying (1) and (2).
Intuitively, although we observe only one historical time series, each observation of the yield
curve effectively represents a term structure of risk neutral expectations of P. Given a precise
estimate of K 9, the left eigenvectors are set and thus so too are the potential volatility
instruments.

To shed further light on this trade-off, we compare the estimate of K;@ implied by the
above model to two alternative estimates: (a) one implied by a Gaussian term structure
model — where the volatility equation (2) is left out of the estimation; and (b) a model-free
estimate using the regression technique in Joslin (2011b) — where both equations (1) and (2)
are left out of the estimation. Strikingly, the estimates are practically identical across the
three different estimation methods — and this is the case for all choices of model specifications
and sample periods that we consider. These results indicate that K(l@ are pinned down
very strongly effectively by the cross-sectional information alone from equation (3). As a
consequence, the no arbitrage restrictions allow very reliable inferences for the admissible
volatility instruments. When the no arbitrage restrictions are ignored (i.e. equation (3) is
dropped from the estimation) we demonstrate that the admissible volatility instruments
implied by the unconstrained estimates of K7 from (1) are estimated much less precisely.

3More precisely, this result is for the continuous time A;(NN) class of models in the notation of Dai and
Singleton (2000). Analogous conditions maintain in the discrete time stochastic volatility models of Bansal
and Shaliastovich (2009) and Le, Singleton, and Dai (2010).



Our results help clarify the relationship between volatility instruments extracted from
the cross-section of bond yields documented by several recent studies. For example, Collin-
Dufresne, Goldstein, and Jones (2009) find an extracted volatility factor from the cross-section
of yields through a no arbitrage model to be negatively correlated with model-free estimates.
Jacobs and Karoui (2009) in contrast generally find volatility extracted from affine models
are generally positively related though in some cases they also find a negative correlation.
Almeida, Graveline, and Joslin (2011) also find a positive relationship. Our results show
that for the A;(N) class of models, the cross-section of bonds will reveal up to N linear
combinations of yields (given by the left eigenvectors of K (1@) that can serve as instruments for
volatility. The no arbitrage structure then essentially implies nothing more for the properties
of volatility beyond the assumed one factor structure and the admissibility conditions. To
the extent that the instrument obtained from K ;@ is optimal, the model implied-volatility
will match the analogous results obtained from a model without the no arbitrage structure.

Our results clearly spell out aspects of model specifications that may or may not have
any significant bearing on the model’s volatility outputs. For example, within the A; (V)
class of models, different specifications of the market prices of risks are unlikely to affect the
identification of the volatility factor as long as the risk-neutral dynamics is maximally flexible.
While this may seem at odds with numerous studies (e.g. Dai and Singleton (2000) and
Duffee (2002)) that demonstrate the importance of the market prices of risks specification in
matching yields dynamics, it can be understood in light of our results. Intuitively, since the
market prices of risks serve as the linkage between the physical and risk-neutral measures,
and since the risk neutral dynamics is very strongly identified, different forms of the market
prices of risks are most likely to result in different estimates for the physical dynamics while
leaving estimates of K(l@ essentially intact. This in turn implies that identifications of the
volatility factor are likely identical across these models. This explains the almost identical
performances by the volatility estimates implied by the completely affine and essentially
affine A;(3) models as reported in Jacobs and Karoui (2009).

Our results also add to the recent discussion that suggests that no arbitrage restrictions
are completely or nearly irrelevant for the estimation of Gaussian dynamic term structure
models (DTSM). See, for example, Duffee (2011), Joslin, Singleton, and Zhu (2010), and
Joslin, Le, and Singleton (2012). Left open by these studies is the question of whether the
no arbitrage restrictions are useful in the estimation of DTSMs with stochastic volatility.
Our results show that the answer to this question is a resounding yes! The cross-section
of yields strongly identifies K (1@ and therefore strongly identifies the admissible instruments
for volatility. Key to the linkage between K (1@ and the identification of the volatility factor
is the admissibility conditions that require the volatility factor be autonomous. To the
extent that the admissibility conditions hold in the true data generating process, these
over-identifying restrictions will be very useful for inferring the true process of the yield curve.
The admissibility conditions though are motivated not by economic considerations so this
seems a potentially dubious assumption. In Section 5, we consider alternative non-affine (but
nearly-affine) models which relax the admissibility constraints.

The rest of the paper is organized as follows. In Section 2, we lay out the general setup of



the term structure models with stochastic volatility that we subsequently consider. Section 3
provides intuitive examples as to why the cross-sectional information is likely to provide very
strong identification for volatility instruments. Section 4 reports our empirical analysis and
Section 5 concludes.

To fix notation, suppose that a DTSM is to be evaluated using a set of J yields y; =
(y", ..., y/") with maturities (mq,...,my) in periods and with J > N, where N is the
number of pricing factors. To be consistent with our empirical work, we fix the period length
to be one month. We introduce a fixed, full-rank matrix of portfolio weights W € R’7*/ and
define the “portfolios” of yields P, = Wy,. The modeler’s choice of W will determine which
portfolios of yields enter the DTSM as risk factors and which additional portfolios are used
in estimation. Throughout, we assume a flat prior on the initial observed data.

2 Stochastic Volatility Term Structure Models

This section gives an overview of the stochastic volatility term structure models that we
consider. As we elaborate, a key consideration is the admissibility conditions required to
maintain a positive volatility process under both the historical and risk neutral measures.
The conditions for a positive volatility process can be considered even without a formal term
structure model by considering a factor time series model with stochastic volatility. This
formulation is also of interest in its own right since it allows us to assess the role of the no
arbitrage assumption in stochastic volatility models. For simplicity, we focus in the main
text on the case of a single volatility factor under a continuous time setup; modifications for
discrete time processes and more technical details are described in Appendix A.

2.1 General admissibility conditions in latent factor models

We first review the conditions required for a well-defined positive volatility process within
a multi-factor setting. Following Dai and Singleton (2000), hereafter DS, we refer to these
conditions as admissibility conditions. Recall the N-factor A;(NN) process of DS. This process
has an N-dimensional state variable composed of a single volatility factor, V;, and (N — 1)
conditionally Gaussian state variables, X;. The state variable Z;, = (V;, X})’ follows the It6
diffusion

d Bﬂ = pgdt + ¥ 4,dBY (4)
t

where
lgy = Koy n Kiv Kivx| |V
ot Kox Kixv Kix | |X:

and BY is a standard N-dimensional Brownian motion under the historical measure, P. Duffie,
Filipovic, and Schachermayer (2003) show that this is the most general affine process on
R* x RNV,

In order to ensure that the volatility factor, V;, remains positive, we need that when V; is
zero (a) the expected change of V; is non-negative and (b) the volatility of V; becomes zero.

] , and ¥z,%, = Yoz + Y12V, (5)
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Otherwise there is a positive probability that V; will become negative. Imposing additionally
the Feller condition for boundary non-attainment, our admissibility conditions are then

Kivx =0, Yoz11 =0, and Koy > %Elz,n- (6)

A consequence of these conditions is that volatility must follow an autonomous process
under P since the conditional mean and variance of V; depends only on V; and not on Xj.
We now show how to embed the A; () specification into generic term structure models and
re-interpret these admissibility constraints in terms of conditions on the volatility instruments.

2.2 An A;(N) model without no arbitrage restrictions

We can extend the latent factor model of (4-5) to a factor model for yields by appending the

factor equation
Y = Az + Bz Zy, (7)

where (Az, Bz) are conformable matrices. Given the parameters of the model, we can replace
the unobservable state variable with observed yields through (7).

Following Joslin, Singleton, and Zhu (2010), hereafter JSZ, we can identify the model by
observing that equation (7) implies Py = Wy, = (W Az) + (W By)Z;. Assuming W By is full
rank®, this in turn allows us to replace the latent state variable Z; with P;.

dP, = (Ko + K\P,)dt + /%o + £, VidB! (8)

where V; = a4 - P, serves as the volatility instrument. Individual yields are then related to
the yield factors through
Yy = A+ BP;. (9)

For identification of the parameters, we also impose that WA =0 and W B = Iy, as in JSZ.
The admissibility conditions (6) map into:

1
6/206 = 07 and B/KO > §ﬁlzlﬁ> and ﬂ/Kl = 65/7 (10)

where ¢ is an arbitrary constant. The last admissibility condition can be restated as the
requirement that 5’ be a left eigenvector of K7, which is required so that V; is an autonomous
process under P.

We will denote the stochastic volatility model in (8-9) by Fi(N). The model is parame-
terized by Op = (Ko, K1, X0, X1, @, 8, A, B) which is subject to the conditions in (10). Our
development shows that the F}(NN) model is the most general factor model with an underlying
affine A;(N) state variable.

4This is slightly overidentifying. For details, see JSZ.



2.3 No arbitrage term structure models with stochastic volatility

The A;(V) no arbitrage short rate model of DS represents a special case of the F}(/N) model.
That is, when one imposes additional constraints to the parameter vector O one will obtain
a model consistent with no arbitrage. In this section, we first review the standard formulation
of the A;(NN) no arbitrage model. We then focus on the the effect of no arbitrage on the
volatility instrument through the restriction it implies on the loadings parameter (.

The latent factor specification of the A;(/N) model

We now consider affine short rate models which take a latent variable Z; with dynamics
given by (4-5) and append a short rate which is affine in a latent state variable. We consider
the general market prices of risk of Cheridito, Filipovic, and Kimmel (2007). Joslin (2011a)
shows that any such latent state term structure model can be drift normalized under Q so
that we have the short rate equation

T =T +pvVi+i- Xy, (11)

where ¢ denotes a vector of ones, py is either +1 or -1, and the risk-neutral dynamics of Z,
are given by

Q Q
dZ; = <|: KOV :| + |: )\V OlXNl):| Zt) dt + V Yoz + ElZV;dBl(t@7 (12)

On—1x1 On—1x1 diag()\%

where /\% is ordered. To ensure the absence of arbitrage, we impose the Feller condition that
KE?V > %212,11.

No arbitrage pricing then allows us to obtain the no arbitrage loadings that replaces the
unconstrained version of (7) in the F3(N) model:

Y = A% + Bth, (13)
The no arbitrage latent factor model can then be parameterized by
Onaz = (Koz, K1z, %0z, Sz, oo pvs Koy, A9).

Q LQ
Here, we use A? to denote the vector (A, A\y).

Implications of the no arbitrage restrictions for the factor model

Ideally, we would like to characterize the no arbitrage model as restrictions on the parameter
vector O in the F(N) model. The Oy4 7 parameterization only indirectly accomplishes
this goal. In JSZ, they were able to succinctly characterize the parameter restrictions of
the no arbitrage model as a special of the factor VAR model. In their case, essentially
the only restriction was that the factor loadings (B) belongs to an N-parameter family
characterized by the eigenvalues of the Q feedback matrix. In our current context of a



stochastic volatility models, such a simple characterization is not possible because changing
the volatility parameters ¥, affects not only the volatility structure but also the loadings.
This is because higher volatility implies higher convexity and thus higher bond prices or lower
yields. The fact that the >, shows up both in volatility and in yields complicates a clean
characterization of the restrictions on ©p that no arbitrage implies.

For now, let us focus on a simpler question: what is the relationship between the loadings
B in (9) and the volatility instrument loadings 5 when the no arbitrage restrictions are
applied? In the general F;(/N) model, both are fully flexible and independent. Surprisingly,
in the no arbitrage model the loadings B essentially fix the volatility instrument. We can see
this in two ways.

First, observe that in (14), the loadings Bg depend only on (py, A%, 312). Since py is
a normalization factor, we ignore this. >, will have an effect on how the loadings due to
the stochastic convexity effects. However, these affects will generally be small and will be
dominated by variation in risk neutral expectations which will be determined by AQ. Thus if
we approximate (14) by replacing

v =AY+ B3 (\Y 7, (14)

where Bg()\@) is a functional approximation for the true loading function that depends only
on (pv, A2, 2,7). For example, we could take BZ(A?) to be the loadings from a Gaussian
term structure model which does not have a stochastic volatility effect. Multiplying by W
we can solve this approximation to obtain that

Z, ~ (WBY)"Y(P, - WAD). (15)

Now, the volatility factor, V;, is the first component of Z;, and so we see that the volatility
instrument 3 must be given by the first entry of (IWBZ(A2))~!, which depends only on the
parameter A2. Thus, given a set of no arbitrage loadings B, one could extract an associated
M@ (according to this approximation) and this completely fixes the volatility loading 3 (up to
scaling).

A more careful analysis of these steps indicates a slightly stronger relationship. In fact,
is completely determined by )\%. This can be see as follows. Let us write W; for the first
row of W and W, for matrix consisting of rows 2 to row N of W. Similarly, let P} denote
the first entry of P; and Pt(2) denote entries two to NV of P;. Finally, let Bg denote the first
column of BY and BY the remaining columns of BY. Then we have, ignoring constants,

) = Wi BRV, + Wi BYX,
PP = W,BV, + W,BLX,.

This gives two equations and two unknowns, so we can subtract W, BY(W,B%)~! times the
second equation from the first equation to eliminate X; and obtain

P — Wi BY(W,BY) ' PP = ¢V,



where ¢ is a constant. This shows directly that the no arbitrage imposes the restriction
B=(1,-WiB(W,B3)™).

We see that the volatility instrument is in fact determined entirely by /\%.
Thus our overall conclusion is that the no arbitrage restriction on the F; (V) model imposes
a very tight link between the cross-sectional loadings Bp and the volatility instrument .

3 Positive volatility under the risk neutral measure

In this section, we provide intuitive examples why the no-arbitrage restrictions can strongly
pin down the volatility factor, without reference to the time series properties of the data.

We have seen in Section 2.2 that in order to have a well-defined autonomous volatility
process we must have the condition (10). This condition can be restated as that g’ is a left
eigenvector of K. This means that - P; is a sufficient statistic to forecast future volatility.
This provides some guidance on potential volatility instruments. For example, although level
is known to be related to volatility, it is also well-known (for example Campbell and Shiller
(1987)), that the slope of the yield curve predicts future changes in the level of interest rates.
Up to the associated uncertainty of such statistical evidence, this suggests that the slope
of the yield curve predicts the level and thus also that the level of interest rates is not an
autonomous process. We now show that the risk neutral measure provides strong guidance
for which combinations of yields form autonomous processes, as required for a valid volatility
instrument.

For illustrative purposes, we consider the case of three factors N = 3, but the same
intuition applies to any V.

3.1 Example 1
Let’s define the convexity-adjusted forward rate by:
fi(n) = E2[resn). (16)

In the spirit of Collin-Dufresne, Goldstein, and Jones (2008) we can write the following
risk-neutral dynamics:

Vi ap 0 0 Vi
EX | ra =constant+ | 0 0 1 T : (17)
fin (1) ay az ay) \fi(1)

The first row is due to the autonomous nature of V;. The second row is the definition of
the forward rate in (16). The last row is obtained from the fact that in a three factor affine
model, (V;, 7y, f;(1)) are informationally equivalent to the three underlying states at time t.
From the last row and by applying the law of iterated expectation to (16), we have:

azVy = constant + f;(2) — azry — asfy(1). (18)

9



Using (18) to substitute V; out from (17), we have:

Ttr1 0 1 0 Tt
E2 | firr(1) | =constant+ [ 0 0 1 fi(1) | . (19)
ft+1(2) Q;p Q2 Q3 ft(2)
where ay = —ajas, ay = a3 — ajayq, and ag = a4 + a;. It follows from the last row of (19)
that:
f+(3) = constant + a7y + as fi (1) + asfi(2). (20)

Equation (20) reveals that if the short rate as well as the forward rates can be empirically
observed, the loadings « can in principle be pinned down simply by regressing f;(3) on ry,
fi(1), and f;(2). Based on the mappings from (aj, as, a4) to «, it follows that the regression
implied by (20) will also identify all the a coefficients, except for ay. In the context of equation
(18), it means that the volatility factor is already determined up to a translation and scaling
effect.

Repeated iterations of the above steps allow us to write any forward rate fi(n) as a linear
function of (1, fi(1), fi(2)). Suppose that we use J forwards in (f;(1), ... fi(J)) in estimation,
then:

T 1 0 0
fi(1) 0 1 0
Ji(2) 0o 0 1 r
ft(3) =10 Qo a3 ft(l)
fu(4) ga(@) fi(2)
fi(J) 9s(a)
where (g4, ..., gs) represent the cross-sectional restrictions of no-arbitrage. So we can think

of no-arbitrage as having two facets. First, it imposes a cross-section to time series link
through the fact that fixing o constrains what the volatility factor must look like, through as
and a4. Second, it induces cross-sectional restrictions on the loadings (gy, ... gs), just as is
seen with pure gaussian term structure models.

3.2 Example 2

We can also use the approach of Joslin (2011b) to consider arbitrary linear combinations of
yields as factors. The insight again is that risk-neutral expectations are, up to convexity,
observed as forward rates. The m-term forward rate the begins in one period, ftl’m is given

by
m 1 m
;= E((m + Dy = ). (21)

Thus we can use (21) to approximate EZ[y,] whereby we simply ignore any convexity
term. Notice that since our primary interest is not in the level of expected-risk neutral

10



changes but in their variation (i.e. K2), it is only stochastic convexity effects that will
violate this approximation. Thus to the extent that changes in convexity effects are small
this approximation will be valid for inference on K i@

From this method, we extract observations on E2 ly/t,] from forward rates which we

can then convert into estimates of E,(;@ [Py41] using the weighting matrix W. We denote this
approximation of E2[P, 1] by P/. We can consider the regression of the form

P/ = constant + K2P, + u,. (22)

Given the validity of our convexity approach and repeated cross-sections of yields, we should
be able to obtain estimates of K iQP even without estimating a term structure model.

3.3 Example 3
Consider the J x 1 vector of yields y; used in estimation:
Yy = A+ BX,, (23)

where X; denotes the underlying states. To have affine bond pricing, the essential requirement
is that the risk-neutral dynamics of X; be affine. Focusing on the conditional mean, and
applying standard rotations to X;, we can always write:”

E;@[Xtﬂ] = diag(A\%)X;. (24)

In the spirit of Joslin, Singleton, and Zhu (2010), we can rotate X, to any N yields portfolios:
P, = Wy,. Rewriting (23) and (24), replacing X; with P;, we have:

y, =constant + B(WB) ™ 'P,, (25)
EX[P,.1] =constant + (W B)diag(\2) (W B)™' P,. (26)
K

Assuming the effect of convexity on the loadings B is minimal (which we confirm subsequently
in our empirical exercises), to the first-order approximation, the loadings B are only dependent
on \2.° Consequently, equation (25) implies that we could estimate A2 by regressing 3, on P,
forcing the loadings to be of the form B(W B)~!, which is only dependent on A®. Once \© is
identified, the risk-neutral feedback matrix K 973 in (26) is in turn pinned down. Notably, this
must be true of all canonical affine term structure models regardless of whether a volatility
factor is included or not.

5Suppose that we start from E;Q [Xt+1] = Ko+ K1 X;. The appropriate rotation is X, = C+DX; where D is
the inversion of the eigenvector matrix of K; such that DK; D~ is diagonal. And C = (DK D~ —1)"'DKj.
Here for ease of exposition, we assume that the eigenvalues of K are distinct and real-valued.

6Specifically, for the loading on the ‘" factor for yield y?* with n periods to maturity is approximately

1FAQ )+ A )L
nAt :
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Focusing on term structure models with one stochastic volatility factor V;, affine bond
pricing implies that we can write:

V; = constant + V'P; (27)
for some b. It follows that:
E2 Vi) = constant + VK5 P;. (28)

Since V1 must be autonomous, its conditional mean can only depend on its lagged value.
Consequently, we must have:

VK, = cf (29)

for some scaler c¢. In other words, b’ must be a left eigenvector of K 5@73-

4 Empirical Results

In this section, we empirically evaluate the implications of our theory, using the US Treasury
data spanning the period from March 1984 until December 2006. The sample is chosen
such that our analysis is not materially affected by either the Fed experiment regime or the
current financial crisis. We use the monthly unsmoothed Fama Bliss zero yields and the
following seven maturities in our estimation: 3—month, 6-month, one— out to five—year. We
first provide evidence that for our sample period, conditional volatilities of yields can be
captured to a large extent by linear combinations of yields. Next, we examine the extent to
which the requirement of autonomous volatility can impact the identification of volatility
under both the physical and risk-neutral measures. For all of our exercises, we consider
models with three factors.

4.1 Conditional volatility from linear projections

In this section, we investigate whether interest rate volatility can be approximately spanned
by yields. In doing this, we focus on the conditional volatility of the level factor — the most
important determinant of yields for all maturities. We first construct the first three principal
principal components of yields, P;, for our data and fit these to a VAR:

Pry1 = Ko+ K1 Py + €141. (30)

To estimate the conditional volatility of the level factor P41 1, we project the fitted residuals
of the level factor, €411, from (30) onto P;:

The square root of the predicted component of (31) is a measure of the conditional
volatility of the level factor implied by the affine structure (of the conditional means and

12
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Figure 1: Volatility of the level factor estimated from the EGARCH(1,1) model and a
two-stage regression.

variances) of standard term structure models. What we are primarily interested in is whether
this spanned measure of volatility, free of admissibility constraints, can reasonably capture
interest rate volatility. As a result, in estimating (30) and (31), we do not require that
the volatility factor be autonomous. While the true volatility process is not known, we
follow standard practices and use volatility estimates from the EGARCH(1,1) model as a
benchmark. Specifically, using the fitted residuals €41 ; from (30) as input, we obtain and
plot the EGARCH(1,1) estimates in Figure 1 side by side the predicted component of (31),
labeled “Instrumented Volatility.” It is visually clear that the two series track each other
quite well with a sample correlation of 66%. Comparing volatility estimates of a A;(3) model
with the EGARCH(1,1) estimates over a longer sample period, Jacobs and Karoui (2009)
find a very similar correlation.

Additionally, using a multi-period version of (31),” Le and Singleton (2011) show that
spanned volatility is considerably rich of information relevant for predicting future excess
returns. Together, these suggest that volatilities instrumented by yields can potentially reflect
realistic fluctuations in yields as well as meaningful information about priced risks. As we
overlay the estimation of (31) with the requirement that volatility be autonomous, there
is a possibility that the estimates of the loading  can be altered in such a way that the
information content of the resulting volatility estimates can be quite different. We take on
these issues at greater depth in the subsequent sections. Here with the aim of providing some
initial descriptive evidence of the impact of the autonomous requirement, we perform the

“In particular, they stack €f ', over multiple horizons and use the technique of rank reduced regression to
estimate « and f.
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following simple test. Using the estimated loading B from (31), we regress BPtH on Py
BPyy1 = constant + vP; + noises. (32)

Under the null hypothesis that the volatility factor a+ P, is autonomous, it must be true that
~ is a scaled version of 5. This amounts to a x? test with two degrees of freedom. Using twelve
lags to construct the robust asymptotic covariance matrix of the estimates, accounting for
estimation errors with sequential inferences, we obtain a x?(2) statistics of 11.2, statistically
significant at the 1% level. This evidence shows that while there exists a linear combination
of yields that can give a reasonable account of the time-varying conditional variances of yields,
such a combination does not give rise to a volatility factor that is autonomous under P. This
suggests the potential tension in fit when autonomy is imposed in estimation. In the next
two subsections, we separately consider the impact of the autonomous requirement under P
and Q.

4.2 Autonomy under P

We first consider the requirement by both the F;(N) and A;(N) models that volatility forms
an autonomous process under P. This requires (10) which states that the volatility instrument,
[’ be a left eignevector of K;. To the extent that the conditional mean is strongly identified
by the time-series, this condition will pin down the admissible volatility instruments up to a
sign choice and the choice of which of the /N left eigenvectors instruments volatility. However,
in general even with a moderately long time series, such as our 22 year sample, inference
on the conditional mean is not very precise. At the same time however, this condition does
provide some guidance as we have just seen that there is statistical evidence that the linear
projection of the squared residuals does not seem to follow an autonomous process.

To gauge how strongly identified the volatility instrument is by the autonomous require-
ment under P, we implement the following exercise. First we estimate an unconstrained VAR
on the first three principal factors, P;. Ignoring the intercepts, the estimates for our sample
period are:

0.9805 —0.0190 —0.5530

Po= | —0.0027 009581 0.3928 | P, + noises (33)
0.0014 —0.0005 0.8433
K

Then, for each potential volatility instrument SP; (as 8 roaming over R?), we re-estimate the
VAR under the constraint that g is a left eigenvector of K. The VAR is easily estimated under
this constraint after a change of variables so the the eigenvector constraint becomes a zero
constraint (compare the constraints in (6) and (10)). We then conduct a likelihood ratio test
of the unconstrained versus the constrained alternative and compute the associated p-value.
A p-value close to 1 indicates that the evidence is consistent with such an instrument being

14
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Figure 2: Likelihood Ratio Tests of P-Autonomous Restrictions. This figure reports the
p-values of the likelihood ratio test of whether a particular linear combination of yields, 57P;,
is autonomous under P, plotted against the loadings of PC2 and PC3. The loading of PC1 is
one minus the loadings on PC2 and PC3 (4(1) =1 — 8(2) — 5(3)). PC1, PC2, and PC3 are

scaled to have in-sample variances of one.

an autonomous process while a p-value close to 0 indicates evidence against the instrument
being an autonomous process.”

Since $P; and its scaled version, cfP;, for any constant ¢, effectively give the same
volatility factor (and hence deliver the same p-values in our exercise), we scale so that all
elements of 8 sum up to one. We plot the p-values against the corresponding pairs of loadings
on PC2 and PC3 (the loading on PC1 (1) = 1 — 5(2) — £(3)) in Figure 2. For ease of
presentation, in this graph the three PCs are scaled to have in-sample variances of one.

We see that there are three peaks which correspond to the three left eigenvectors of the
maximum likelihood estimate of K;. When f is equal to one of these left eigenvectors, the
likelihood ratio test statistic must be zero and hence the corresponding p-value must be one,
by construction. As our intuition suggests, many, though not all, instruments appear to

8We view this test as an approximation since it assumes volatility is constant. However, exploratory
computations of p-values, accounting for heteroskedasticity of the errors, deliver very similar results.
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Figure 3: Likelihood Ratio Tests of Q-Autonomous Restrictions. This figure reports the
p-values of the likelihood ratio test of whether a particular linear combination of yields, 57P;,
is autonomous under QQ, plotted against the loadings of PC2 and PC3. The loading of PC1 is
one minus the loadings on PC2 and PC3 (8(1) =1 — 8(2) — (3)). PC1, PC2, and PC3 are

scaled to have in-sample variances of one.

potentially satisfy the requirement of (10) according to the metric that we are considering,.
Thus we conclude that the autonomy requirement under the P measure in general still leaves
a great deal of flexibility in forming the volatility instrument.

4.3 Autonomy under Q

Having seen the precision with which the historical measure guides the set of admissible
volatility instruments, we now turn to the information gained from the risk-neutral measure.
We follow the model-free approach of Joslin (2011b) as in Section 3.2 to study this restriction
in a similar manner to our previous exercise under the historical measure. Specifically, we
consider, ignoring constants, the regression

Er(:@[Pt—i-l] = K(l@Pt + uy,
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where, as before, we proxy for E2 [Py+1] using the linear combination of forwards Ptf . Asin
our analysis of the autonomy constraints under the historical measure, we consider both the
unconstrained version of this regression and the same regression with the constraint that a
particular [ is a left eigenvector of K 9 . Intuitively, although we observe only a single time
series under the historical measure with which to draw inferences, we observe repeated term
structures of risk-neutral expectations every month and this allows us to draw much more
precise inferences.

Figure 3 plots the p-values for this test of the restrictions of various instruments to be
autonomous under Q. In stark contrast to Figure 2 and in accordance with our intuition,
we see that the risk-neutral measure provides very strong evidence for which instruments
are able to be valid volatility instruments. Most potential volatility instruments are strongly
ruled out with p-values essentially at zero. Bond prices essentially pin down K (1@ and the
only degrees of freedom are the sign choice and choosing which of the left eigenvectors is the
volatility instrument.

4.4 Comparison of Gaussian and stochastic volatility models

The analysis in the previous subsections provides suggestive evidence that the cross-sectional
information, in combination with the autonomy requirement, is likely to be very helpful in
identifying the potential volatility instrument. What are left out of these exercises, however,
are, among other things, the constraints imposed from variance equations such as (2). The
informal evidence produced in Section 4.1 hints at the potential tension between fitting the
variance equations and satisfying the autonomy requirements.

To shed light on how this tension is resolved, we estimate the Gaussian term structure
model Ay(3) with constant volatility and compare it to the A;(3) model. This comparison
is informative since the main difference between the two models is simply the variance
equations. In particular, we are interested in the estimates of K 9 implied by these two
models since the volatility loading from the A;(3) model must be a left eigenvector of this
matrix. Estimates of K i@ for the two models are reported in the first two panels of Table 1.
The two estimates are strikingly close: except for the (1,2) entry, for every other entry, the
two estimates are essentially identical up to the third decimal place. This evidence suggests
that the identification by the cross-sectional information (and possibly other moments shared
between the Ag(3) and A;(3) models) for the parameter K seems overwhelmingly stronger
than the restrictions coming from the variance equations. This leads us to the surprising
conclusion that the Ay(/N) model with constant volatility allows us to essentially identify
(up to choice of which eigenvector) the volatility instrument in the A;(N) model.

Moreover, we have argued that variation in the risk-neutral expectations, as determined
by K(l@, is well approximated by the regression based estimate of (22). Importantly, this
model free estimate of K (1@ is independent of any physical dynamics. As can be seen from the
last panel of Table 1, this estimate is also very similar to ones implied by the Ay(3) and A;(3)
models. This evidence suggests that the cross-sectional information alone is sufficient to pin
down the risk-neutral feedback matrix, and this identification is so strong that information
from other constraints imposed by the models seem irrelevant.
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1.0084 0.1088 -0.4111
Ap(3) -0.0105 0.9786  0.4491
0.0042 -0.0098 0.7851

1.0085 0.1102 -0.4084
Ay (3) -0.0104 0.9781  0.4479
0.0042 -0.0088 0.7870
1.0066  0.1230 -0.4078
Regression -0.0082 0.9659 0.4510
0.0020 -0.0008 0.7589

Table 1: This table contains the estimates of K2 computed from the Ag(3) and A;(3) models,
along with the estimates from the model-free regression of (22).

This observation has a number of implications. First, as stated previously, this allows us
to pin down the potential volatility instruments using the cross-section of yields due to the
admissibility constraint. Essentially the volatility instrument is free in terms of the sign but
must be one of the left eigenvectors of K ? which can be computed accurately from either
the cross-sectional regression or from estimation of the Ay(/N) model which has constant
volatility and can be estimated quite quickly as shown in JSZ.

This observation also shows that in some regards, the estimation of the no arbitrage
A;(N) model is more tractable than estimate of the F;(/N) model. In the case of the Gaussian
models the opposite holds: the factor model is trivial to estimate as it amounts to a set of
ordinary least squares regressions while the no arbitrage model is slightly more difficult to
estimate due to the non-linear constraints in the factor loadings. In the stochastic volatility
models, the admissibility conditions require a number of non-linear constraints in order
to ensure that volatility remains positive. The no arbitrage model essentially determines
the volatility instrument up to sign and choice of eigenvector. This actually simplifies the
computational burden in estimation since it reduces the set of non-linear constraints that
need to be imposed.

4.5 Comparison of estimates of volatility

The strong identification power of the cross-sectional information for the potential volatility
instruments (to the extent that the variance equations do not seem to matter) begs the
important question of whether the volatility outputs by these models make sense. With this
in mind, we now turn to see the estimation results for volatility in both the general F; (V)
factor model and the A;(IN) model. The time series of model-implied volatilities are plotted
in Figure 4. We see that in general both the factor model (which imposes only admissibility
without restrictions on the cross-sectional loadings) and the no arbitrage model produce
a volatility time series for the level of interest rates which is generally consistent with the
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Figure 4: This figure plots the model estimates of the volatility from the estimated A; (V)
and Fi(N) with the EGARCH(1,1) estimates.

EGARCH(1,1) estimates. The correlations between the F; (V) and A;(N) volatility estimates
and the EGARCH(1,1) estimates are 0.72 and 0.45, respectively. We note again that we
should anticipate a positive correlation since both specifications are free to change the sign of
the volatility instrument so to the extent that the maximum likelihood criterion function is
maximized with a positive sign, this positive correlation should generally occur.

5 Conclusion

In this paper, we show that there is a strong link in a no arbitrage affine term structure
model between the cross-section of bond yields and the set of positive processes under the
risk neutral measure. Since volatility must define a positive process under any measure, this
provides a tight link between the cross section of bond yields and the set of valid volatility
instruments. To the extent that the no arbitrage model is correctly specified, no arbitrage
therefore provides evidence for identifying volatlity instruments. Moreover, the information
about volatility instruments in the cross section of bond yield can also be approximately
obtained either through model-free regressions or by analyzing Gaussian models with constant
volatilities. Empirically, we show that broadly the no arbitrage models appear to match
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volatility with this condition in our sample. Of separate interest, we also provide a general
canonical form for affine models with stochastic volatility (the A;(N) class) where nearly all
of the parameters directly relate to observable variables.

Our primary results are driven by the fact that an affine drift requires a number of
constraints in order to assure that volatility stays positive. A number of alternative models
could be considered. First, one could consider a model with unspanned or nearly unspanned
volatility. This, however, can only partially counteract our results in the sense that the
projection of volatility onto yields must still mathematically be a positive process. So several
of our insights maintain. Another possible model to consider is a model with non-linear drift.
That is, we can suppose that there is a latent state variable Z; with the drift of Z; linear
in Z; without any constraints provided that volatility (or its instrument) is far from the
boundary. Near the zero boundary, the drift of the volatility may be non-linear in such a way
as to maintain positivity. Provided that the probability of entering this non-linear region is
small (under Q), similar pricing equation will be obtained as in the standard affine setting.
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A A Canonical Form for Discrete-Time Term Struc-
ture with One Stochastic Volatility Factor

In this section, we lay out canonical forms for discrete-time affine term structure models with
one stochastic volatility factor. Our construction draws on the discrete volatility dynamics of
Le, Singleton, and Dai (2010) and the canonical setup of Joslin, Singleton, and Zhu (2010)
(JSZ) for Gaussian DTSMs. The continuous time limit of our construction nets the A;(N)
family of models considered in Dai and Singleton (2000).

Recall that we denote the NV latent risk factors by (V;, X})" where V; governs the conditional
volatility of the states and X; represent the remaining N — 1 conditionally gaussian risk
factors. We first write down the conditional dynamics of states that: (a) delivers affine
bond pricing; (b) ensures econometric identification. Next, we provide explicit bond pricing
formulas. Finally, we show how to reparameterize the model in terms of observable yield
portfolios and a way to generate sensible starting points for ML estimation.

A.1 P and Q dynamics of the latent states in discrete time

Under Q, the states follow:

Vie1 |V ~ univariate CAR(p©, 2, 19), (34)
X1 ~ N(KLV; + diagAY) Xy, Sox + X1x Vi), independent of Vi, (35)
T =Too +pyVi+ - X5 (36)

Here we have applied the rotation techniques similar to those used by DS and JSZ to obtain
econometric identification for the parameters related to X;. CAR refers to a compound
autoregressive gamma process, characterized by three strictly positive parameters (v, p@, ¢?)
such that:”

ER V] = 2% + p%,, and Vard V] = 12 + 2%V, (37)

Here, p@, 2, and ¢? modulate the (risk-neutral) persistence, mean and scale of V;, respectively.
To see the continuous time limit of CAR, let p® = xAt, @ = %azAt, and v¢ = 20%9, we can
see that

E2AV 1] = (0 — V)AL and VarZ[AVi] = o?ViAt 4 o(At). (38)

Clearly, a CAR process approaches the CIR process in the continuous time limit as At
approaches 0.

To avoid V; being absorbed at the zero boundary, the discrete-time counterpart to the
Feller condition (k6 > %O’Q) requires % be greater than one. One attractive property of the
CAR process is that V; is always strictly positive, yet its conditional Laplace transform is

9For further details of the CAR process, such as its associated conditional density and Laplace transform,
see Le, Singleton, and Dai (2010).
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exponentially affine in V;,'° which is essential to obtain affine bond pricing. It is important

to note that V; must be autonomous — that is, the gaussian states X; must not directly affect
the conditional dynamics of V;. The presence of X; on the right hand side of either equation
in (37) would give a strictly positive probability that either the conditional mean or the
conditional variance of V, | be negative.

Note that we can still scale V; up and down by a positive constant.'! To obtain econometric
identification, we will fix the scaling of V; by normalizing py the details of which will be
described below.

Under P, the states follow an analogous dynamics:

Vig1|Vi ~ univariate CAR(p", c",v%), (39)
Xiy1 ~ N(L(Vy, Xt), Xox + 21x Vi), independent of Vi (40)

where £ denotes a linear operator. Again, non-attainment under P requires the Feller
condition: vF > 1.
We now discuss two technical issues related to this parameterization. First, consider the
market prices of variance risk:
Ef V] — E2 Vi)
Varf[Vis]

As discussed by Cheridito, Filipovic, and Kimmel (2007), when Varf [V;y1] approaches zero,
there is the issue of exploding market prices of risks unless the intercept terms of EF[V; ]
and E2[V,,,] are the same (hence the numerator too approaches zero at the same rate as
the denominator). Nevertheless, in our discrete time setup, as long as ¥ and ¥ are strictly
positive, Var;[Vi;1] is bounded strictly away from zero. As a result, we don’t have to directly
deal with this issue. If one wishes to avoid this issue even in the continuous time limit, then
a sufficient restriction on the parameters is:

P = 0@l
Finally, the scale parameters (¢ and c%) in principle can be any pair of positive numbers
in our discrete time setup. Nevertheless, the diffusion invariance property of the CIR process
requires that these two parameters have the same continuous time limit (%O’th). To be
consistent with diffusion invariance of V; in the continuous time limit, then a sufficient
restriction on the parameters is:
&F =~

A.2 Bond pricing
Note that the Laplace transform for a univariate CAR process is:

pPu

Ey[e"Vr] = et TbVe iy = —1%Uog(1 — uc?), blu) = ———.
ettt =e where a(u) velog(l —uc?), b(u) 0

0T hat is, EQ[euVer1] = ea(w)+b(w)Vi
UIf we scale V; up by a positive constant ¢ then cViy1|cV; ~ CAR(p@, cc@, 1),
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Therefore, bond prices are exponentially affine logP, s = —A,, — By,,V; — Bx ,X; with loadings
given by:

Bx, =1+ Bx,nqdmg()‘(@)a (41)
QB 1
Y Vin—1 Q /
By, = ————— + Bx 1K, — =Bxn,121xBx,,_1, 42
v, pz + 1+ Byy 1@ + Bxp_148y 5 PXn—121X B (42)
1
An = Too + An,1 + I/QlOg(l + Bx/,n,lcQ) — §Bx,n,1EUXBg<7n_1, (43)

starting from: Ay = By, = Bx, = 0.
If we ignore convexity, then the loadings of yields on the factors satisfy:
Bl):(,n = l’, + B;(,n—ldia'g(AQ)v (44)
B\c/,n = Pz + pQB{:/,n—l + Bg(,n—lK(l@Z’ (45)
starting from By, = B§, = 0. Note that B and Bx are the same.

To obtain loadings on annualized yields, we need to scale these loadings appropriately by
the corresponding maturities.

A.3 Parameterization with yields portfolios as factors

In estimation, we assume that A portfolios of yields, P{v = Wy, are observed without
errors. Let’s denote the first row of W by Wy and the last A” — 1 rows by Wy, with the
corresponding portfolios denoted by Py, and Px ;. If we use convexity-adjusted yields instead,
we add superscript ¢ and denote these portfolios by Pf, Py, and P .

Applying Wx to both sides of the yield pricing equation y, = A + By'V; + BxX;, we
obtain

Px,=WxA+WxByV, + WxBxX,.

Thus under the physical measures:
Px i1 —WxByViyn =N <£(W, Px.), %0 + E1Vt>
where
Yo =WxBxYox(WxBx)', and ¥, = WxBxXix(WxBx)'.
Now, pricing the Py, portfolio, we obtain:
Py; = WyTA + WyTByV; + Wy Bx(Wx Bx) ™' Py

where 7 = I — Bx(WxBx) 'Wy.
We choose to fix the scaling of V; to the observable portfolio Py;. Specifically, we choose
pz such that:
Wy TBy = sy where sy =1 or sy = —1.
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Let 8 = (sy, —syWyBx(WxBx)™'), we can write:'?
V, = BP, — syWyTA = P, — fWN A
Now to make sure that V; be strictly positive, it is convenient to write instead:
Vi = 8P, — min(BP;) + a.

Obviously, as long as & is positive, V; is positive. To this extent, it is more convenient
to use & as a primitive parameter. For this, we will give up our degree of freedom in r,.
Matching:
BWN A = min(BP,) — @,

noting that (1) r does not enter into the calculations of the loadings By and By; and
(2) 7o contributes to A linearly: A = hro, + A where h is a constant vector and A is the
component of A that is not dependent on r.,, we can write:

_ min(BP,) —a— BWNA
Too = ST :

The full set of Q parameters include {p?, @, /2, K ?V, M@ sy, a, Yo, X1} The P parameters
include {p%, ", ¥} and other parameters {KO,KW, Kl'p} that determine the conditional
means of Py ;.

E\[Px 41 — WxBy Vi) = L(Vi, Px,) = Ko + KivV, + KipPx,.

A.4 Starting points
A4l N\

We guess that the eigenvalues of the risk-neutral feedback matrix, (p@, A\?), are similar to
those obtained in estimating the corresponding Ay(/N) model. Since there is no ordering
between p@ and A\?, given the N risk-neutral eigenvalues implied by the Aq(N) model, there
are N possibilities as to which one corresponds to p%. The remaining eigenvalues are then
ordered from high to low and form into A%. Although we can make a guess of p@ here (to be
the remaining risk-neutral eigenvalue), we will defer this until later by choosing a value for
p© that best fits the cross-section of yields.

Given a guess of A2, we can compute By and 8 = (sy, —sy Wy Bx(WxBx)™1). For 3,
we need to know sy. We will consider both possibilities syy = 1 and sy = —1.

A.4.2 6(, 20, and 21
Given each 8 from the previous subsection, we fit the following physical dynamics:

Vig1 = BP — min(BP,) + & ~ CAR(p", ", vb), (46)
Pxps1 ~ N(Ko + Kiv Vi + KipPx s + oy Vi1, 2o + X1V4), (47)

121t is straightforward to show that SWYN = sy, Wy .
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subject to 0 < p¥ < 1, vF >= 1, and ¢ > 0. Note that for each value of &, the triplet
{p¥,c® VF} can be obtained relatively efficiently by maximizing the likelihood implied by
the CAR dynamics. Additionally, for each value of & and ¥y and X1, the mean parameters
in the second equation ({Ko, Kyv, Kip,¢v}) can be obtained analytically. Note that ¢y
corresponds to Wx By .

A.4.3 The remaining risk neutral parameters

The remaining risk neutral parameters are 2, 12, p?, and K ;@V. For v? and 2, we will use
their physical counterparts, ¥ and ¢, from the previous subsection. To guess p¥ and K 1QV
we follow the following steps:

1. Regressing y; — Bx(WxBx) 'Px, on fP; to obtain a loading vector 6; Note that by
construction, Wx# = 0, and Wy 0 = sy.

2. Let By = 0+ Bx(WxBx) '¢y. It can be checked that WxBy = ¢y, and WyTBy = sy.

3. Fit a cubic spline through By to obtain a series of va. Assuming that By,,’s are close
to By, therefore satisfying equation (45).

4. Regressing va on ijn_l and Bx,_1. The loadings obtained from this regression
correspond to p@ and K ;@V.
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