
Vlpxodwlrq Edvhg Lqihuhqfh lq Hfrqrphwulfv=
Prwlydwlrq dqg Phwkrgv1

Vwhyhq Vwhuq

Mdqxdu| 4</ 4<<<

41 Lqwurgxfwlrq

Ryhu wkh odvw ihz |hduv/ pdmru dgydqfhv kdyh rffxuuhg lq wkh ?hog ri vlpxod0
wlrq1 Lq sduwlfxodu/ PfIdgghq+4<;<, dqg Sdnhv dqg Sroodug+4<;<, kdyh ghyho0
rshg vlpxodwlrq phwkrgv wr vlpxodwh h{shfwhg ydoxhv ri udqgrp ixqfwlrqv dqg
kdyh vkrzq krz wr xvh wkrvh vlpxodwruv lq hfrqrphwulf hvwlpdwlrq urxwlqhv1 Lp0
sruwdqw dssolfdwlrqv zkhuh wkhvh whfkqltxhv kdyh ehhq xvhg lqfoxgh sdwhqw uh0
qhzdo lq Sdnhv+4<;9,/ uhwluhphqw lq Ehunryhf dqg Vwhuq+4<<4,/ pdunhw hqwu| lq
Ehuu|+4<<5,/ g|qdplf surjudpplqj sureohpv lq Krw}/ hw do1+4<<7,/ h{fkdqjh
udwhv lq Edqvdo/ hw do1+4<<8,/ dqg dxwrpreloh sulflqj lq Ehuu|/ Ohylqvrkq/ dqg
Sdnhv+4<<8,1 Dovr/ iru h{dpsoh/ Jhzhnh+4<;<,/ Fkle+4<<6,/ dqg PfFxoorxjk dqg
Urvvl+4<<7/ 4<<9, kdyh vkrzq krz wr xvh vlpxodwlrq phwkrgv wr vroyh suhylrxvo|
xqvroydeoh Ed|hvldq hfrqrphwulfv sureohpv1 Dq dqg Olx+4<<9, dqg Glherog dqg
Vfkxhupdqq+4<<9, xvh vlpxodwlrq wr vroyh lqlwldo frqglwlrqv sureohpv lq vxuylydo
prghov dqg DUFK prghov uhvshfwlyho| wkdw rwkhuzlvh vhhp wr kdyh qr wudfwdeoh
vroxwlrq1

Vlpxodwlrq surylghv dq dwwudfwlyh vroxwlrq iru ghdolqj zlwk sureohpv ri wkh
iroorzlqj w|sh= Ohw L eh d udqgrp yduldeoh zlwk ghqvlw| s+1,/ dqg ohw ûELä eh
vrph ixqfwlrq ri L 1 Wkhq

.û ELä '
]
û Eüä s Eüä _üé +414,

Prvw hfrqrphwulfv sureohpv lqfoxglqj doo phwkrg ri prphqwv sureohpv dqg pdq|
pd{lpxp olnholkrrg sureohpv uhtxluh rqh wr hydoxdwh htxdwlrq +414, dv sduw ri dq
hvwlpdwlrq vwudwhj| iru hvwlpdwlqj d vhw ri sdudphwhuv w1 Wkhuh duh pdq| fdvhv



zkhuh .ûELä fdq qrw eh hydoxdwhg dqdo|wlfdoo| ru hyhq qxphulfdoo| zlwk suhflvlrq1
Exw zh xvxdoo| fdq vlpxodwh .ûELä rq d frpsxwhu e| gudzlqj - 3svhxgrudqgrp4
yduldeohv iurp sEéä/ ü�/ ü2/11/ ü-/ dqg wkhq frqvwuxfwlqj

÷.û ELä '
�

-

-[
o'�

û Eüoä é +415,

Htxdwlrq +415, surylghv dq xqeldvhg vlpxodwru ri .ûELä zklfk/ iru prvw ri wkh
phwkrgv glvfxvvhg odwhu/ lv hqrxjk wr surylgh frqvlvwhqw hvwlpdwhv +ru hvwlpdwhv
zlwk vpdoo eldv, ri w1

Wklv fkdswhu surylghv vrph h{dpsohv wr prwlydwh wkh sureohp1 Wkh ?uvw h{0
dpsoh lv wkh pxowlqrpldo surelw sureohp/ wkh vhfrqg lv d sureohp zlwk xqrevhuyhg
khwhurjhqhlw|/ dqg wkh wklug lv d Prqwh Fduor h{shulphqw1 Qh{w/ wkh fkdswhu gh0
vfulehv d vhw ri vlpxodwruv wkdw lpsuryh xsrq wkh prvw qdlyh vlpxodwru lq htxdwlrq
+415,1 Lpsuryhphqw lv lq whupv ri yduldqfh uhgxfwlrq/ lqfuhdvhg vprrwkqhvv/ dqg
uhgxfhg frpsxwdwlrq frvw1 Wkhq wkh prvw frpprq vlpxodwlrq hvwlpdwruv duh
ghvfulehg1 Ilqdoo|/ lw hydoxdwhv wkh shuirupdqfh ri wkh ydulrxv vlpxodwruv dqg
hvwlpdwlrq phwkrgv1

4141 Pxowlqrpldo Surelw

Wkh ?uvw h{dpsoh lv wkh pxowlqrpldo surelw sureohp1 Frqvlghu d prgho zkhuh +Wæ
lv wkh ydoxh wr d shuvrq ri fkrrvlqj fkrlfh æ iru æ ' �c 2c éééc a +d shuvrq lqgh{ lv
vxssuhvvhg,1 Iru h{dpsoh/ m pljkw lqgh{ zkhwkhu wr gulyh d fdu/ ulgh lq vrphrqh
hovh*v fdu/ wdnh d exv/ ru wdnh d wudlq wr jhw wr zrun Ea ' eä> lw pljkw lqgh{
zkhwkhu wr zrun ixoo0wlph/ sduw0wlph/ ru uhwluh Ea ' ôä> ru lw pljkw lqgh{ zkhwkhu
dq hoghuo| shuvrq olyhv lqghshqghqwo|/ lq d qxuvlqj krph/ zlwk d idplo| phpehu/
ru zlwk sdlg khos Ea ' eä1 Lw lv dvvxphg wkdw wkh shuvrq fkrrvhv wkh fkrlfh æ
zlwk wkh juhdwhvw ydoxh> æ lv fkrvhq l> +Wæ : +

W
& iru doo & 9' æ1 Ixuwkhupruh/ lw lv

dvvxphg wkdw +Wæ lv d olqhdu ixqfwlrq ri d vhw ri revhuyhg yduldeohv dqg dq huuru=

+Wæ ' fæq n üæc æ ' �c ééc aé +416,

Ohw ü ' Eü�c ü2c ééc üaä
â
eh wkh yhfwru ri huuruv/ dqg dvvxph wkdw wkh fryduldqfh

pdwul{ ri ü lv l1 Wkh huuruv vrphwlphv uhsuhvhqw yduldwlrq lq ydoxhv gxh wr
xqrevhuyhg yduldeohv/ dqg vrphwlphv wkh| uhsuhvhqw yduldwlrq lq q*v dfurvv shrsoh1
Ohw +æ ' � li fkrlfh æ lv fkrvhq> +æ ' � l> +Wæ : +

W
& iru doo & 9' æé

Xvxdoo| lq gdwd/ zh revhuyh wkh fryduldwhv f dqg + ' E+�c +2c ééc +aä
â exw qrw

+W ' E+W�c +
W
2c ééc +

W
aä
â1 Lq rughu wr hvwlpdwh q dqg l/ zh qhhg wr hydoxdwh wkh
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suredelolw| ri revhuylqj + frqglwlrqdo rq f ru wkh prphqwv ri + frqglwlrqdo rq
f1 Iluvw/ qrwh wkdw/ vlqfh +æ lv elqdu|/

. E+æ m fä ' èh d+æ ' � m fo

' èh
k
+Wæ : +

W
& ;& 9' æ m f

l
é

+417,

Li zh dvvxph wkdw üæ å ðð_ H{wuhph Ydoxh/ wkhq wkh suredelolw| lq htxdwlrq +417,
kdv wkh dqdo|wlfdo irup

èh d+æ ' � m fo ' i T ifæqj *
[
&

i T if&qj é +418,

Vxfk d prgho lv fdoohg pxowlqrpldo orjlw1 Wkh sureohp zlwk pxowlqrpldo orjlw lv
wkdw wkh lqghshqghqfh dvvxpswlrq iru wkh huuruv lv yhu| uhvwulfwlyh1 Rqh fdq uhdg
d odujh olwhudwxuh rq wkh lqghshqghqfh ri luuhohydqw dowhuqdwlyhv sureohp fdxvhg e|
wkh lqghshqghqfh ri huuruv dvvxpswlrq1 Vhh/ iru h{dpsoh/ Dqghuvrq/ Gh Sdopd/
dqg Wklvvh+4<<5,1

Dowhuqdwlyho|/ zh frxog dvvxph wkdw ü å ù dfclo zkhuh l fdq eh zulwwhq lq
whupv ri d vpdoo qxpehu ri sdudphwhuv1 Zkhq zh dvvxph wkh huuru glvwulexwlrq
lv pxowlyduldwh qrupdo/ wkh uhvxowlqj fkrlfh suredelolwlhv duh fdoohg pxowlqrpldo
surelw1 Iru wklv fdvh/ wkh sdudphwhuv wr hvwlpdwh duh w ' Eqclä14 Wkh fkrlfh
suredelolwlhv duh

èh d+æ ' � m fo '
]
ü�

ü ü ü
]
üa

� dfæq n üæ : f&q n ü& ;& 9' æo _8 Eü m lä +419,

zkhuh � dîo lv dq lqglfdwru ixqfwlrq htxdo wr rqh li wkh frqglwlrq lqvlgh lv wuxh
dqg htxdo wr }hur rwkhuzlvh dqg 8 Eü m lä lv wkh mrlqw qrupdo glvwulexwlrq ri ü
zlwk fryduldqfh pdwul{ l +zlwk lqglylgxdo hohphqwv /æ&,1 Ohw üWæ& ' ü& ý üæ iru
doo & 9' æ/ dqg ohw üWæ '

í
üWæ�c ü

W
æ2c ééc ü

W
ææ3�c ü

W
ææn�c ééc ü

W
æa

ìâ
1 Wkhq wkh a0glphqvlrqdo

lqwhjudo lq htxdwlrq +419, fdq eh zulwwhq dv d aý40glphqvlrqdo lqwhjudo=
èh d+æ ' � m fo '

]
üW�æ
ü ü ü

]
üWaæ

�
k
fæq ýf&q : üWæ& ;& 9' æ

l
_8 W

í
üWæ m lWæ

ì
+41:,

zkhuh 8 W
í
üWæ m lW

ì
lv wkh mrlqw qrupdo glvwulexwlrq ri üWæ G ü

W
æ å ù

k
fclWæ

l
zkhuh

/Wæ&, ' . Eü& ý üæä Eü, ý üæä ' /&, ý /&æ ý /æ, n /ææ iru hdfk hohphqw /Wæ&, ri l
W
æ 1

Htxdwlrq +41:, fdq eh zulwwhq dv

èh d+æ ' � m fo ' èh
k
üWæ ÷ Tæ

l
+41;,

4Vrph uhvwulfwlrqv duh uhtxluhg iru ó iru lghqwl?fdwlrq1 Vhh/ iru h{dpsoh/ Exqfk+4<<4,1
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zkhuh Tæ lv d yhfwru zlwk &*wk hohphqw htxdo wr Tæ& ' fæqýf&q1 Qrwh wkdw htxd0
wlrq +41;, fdq eh zulwwhq dv.ûELä lq htxdwlrq +414, zlwk ûELä ' �

k
fæq ýf&q : üWæ& ;& 9' æ

l
/

wkh lqwhjudqg lq htxdwlrq +41:,1
Lq rughu wr pdnh surjuhvv lq hvwlpdwlqj w/ zh qhhg wr eh deoh wr hydoxdwh

htxdwlrq +41;, iru dq| lWæ dqg dq| Tæ1 Iru h{dpsoh/ wkh POH ri w pd{lpl}hv

�

ù

[
ð

+ðæ *L} èh
k
üWðæ ÷ Tðæ

l
+41<,

zkhuh ð lqgh{hv revhuydwlrqv/ ð ' �c 2c ééc ù 1 Li a ' ô/ wkhq htxdwlrq +41;, lqyroyhv
hydoxdwlqj d elyduldwh qrupdo suredelolw|> prvw frpsxwhuv kdyh oleudu| urxwlqhv
wr shuirup vxfk d fdofxodwlrq1 Li a ' e/ wkhq htxdwlrq +41;, lqyroyhv d 60glphqvlrq
lqwhjudo1 Rqh fdq hydoxdwh vxfk dq lqwhjudo xvlqj Jdxvvldq txdgudwxuh +vhh Exwohu
dqg Pr!ww/ 4<;5, ru wkh qxphulfdo dojrulwkp lq Kdxvpdq dqg Zlvh+4<:;,1 Exw/
li a : e/ qxphulfdo urxwlqhv zloo eh fxpehuvrph dqg iuhtxhqwo| lpsuhflvh1

Vlpxodwlrq surylghv dq dowhuqdwlyh phwkrg iru hydoxdwlqj htxdwlrq +41;,1 Wkh
vlpsohvw vlpxodwru ri htxdwlrq +41;, lv

�

-

-[
o'�

�
í
üWoæ ÷ Tæ

ì
+4143,

zkhuh üWoæ lv dq ðð_ gudz iurp ù
k
fclWæ

l
1 Hvvhqwldoo|/ wkh vlpxodwru lq htxd0

wlrq +4143, gudzv d udqgrp yhfwru iurp wkh fruuhfw glvwulexwlrq dqg wkhq fkhfnv
zkhwkhu wkdw udqgrp yhfwru vdwlv?hv wkh frqglwlrq/ üWæ ÷ Tæ1 Wkh vlpxodwru lq
htxdwlrq +4143, lv fdoohg d iuhtxhqf| vlpxodwru1 Lw lv xqeldvhg dqg erxqghg eh0
wzhhq }hur dqg rqh1 Exw lwv ghulydwlyh zlwk uhvshfw wr w lv hlwkhu xqgh?qhg ru
}hur ehfdxvh wkh vlpxodwru lv d vwhs ixqfwlrq> wklv fkdudfwhulvwlf pdnhv lw gl!0
fxow wr hvwlpdwh w dqg wr frpsxwh wkh fryduldqfh pdwul{ ri ÷w1 Dovr/ hvshfldoo|
zkhq èh d+æ ' � m fo lv vpdoo/ wkh iuhtxhqf| vlpxodwru kdv d vljql?fdqw suredelo0
lw| ri htxdolqj }hur> vlqfh POH uhtxluhv hydoxdwlqj *L}èh d+æ ' � m fo/ wklv lv d
vljql?fdqw sureohp1 Wkh vlpxodwruv glvfxvvhg lq Vhfwlrq 5 vxjjhvw zd|v wr vlpx0
odwh èh d+æ ' � m fo zlwk vpdoo yduldqfh/ zlwk ghulydwlyhv/ dqg lq frpsxwdwlrqdoo|
h!flhqw zd|v1

4151 Xqrevhuyhg Khwhurjhqhlw|

Wkh vhfrqg h{dpsoh lqyroyhv xqrevhuyhg khwhurjhqhlw| lq d qrqolqhdu prgho1 Ohw
+ð| eh d udqgrp frxqw yduldeoh> l1h1/ +ð| ' fc �c 2c éééc zlwk ð ' �c 2c éécù dqg | '
�c 2c ééc A 1 Dvvxph wkdw +ð| å èLðttL? Ebð|ä=
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s E+ð| m bð|ä ' i T iýbð|jb+ð|ð| *+ð|- +4144,

dqg wkdw
*L} bð| ' fð|q n üð n eð| +4145,

zkhuh üð å ðð_C Eé m kCä/ C Eé m kCä lv d vshfl?hg glvwulexwlrq xs wr d vhw ri sd0
udphwhuv kC/

eð| ' 4eð|3� n 0ð|c +4146,

0ð| å ðð_M Eé m kMä/ dqg M Eé m kMä lv d vshfl?hg glvwulexwlrq xs wr d vhw ri sdudp0
hwhuv kM 15Iru h{dpsoh/ +ð| pljkw eh wkh qxpehu ri wulsv shuvrq ð wdnhv lq shulrg
|/ wkh qxpehu ri sdwhqwv ?up ð surgxfhv lq |hdu |/ ru wkh qxpehu ri lqgxvwuldo
dfflghqwv ?up ð kdv lq |hdu |1 Dgglqj wkh xqrevhuyhg khwhurjhqhlw| üð dqg vh0
uldoo| fruuhodwhg huuru eð| doorzv iru ulfkqhvv iuhtxhqwo| qhfhvvdu| wr h{sodlq wkh
gdwd1 Wkh jrdo lv wr hvwlpdwh w ' Eqc 4c kCc kMä1 Wkh orj olnholkrrg frqwulexwlrq
ri revhuydwlrq ð lv

uð ' *L}
]
üð

]
"ð�

ü ü ü
]
"ðA

A\
|'�

di T iýbð|jb+ð|ð| *+ð|-_M E0ð| m kMäo _C Eüð m kCä +4147,

zkhuh bð ' Ebð�c bð2c ééc bðA ä
* ghshqgv xsrq fð|qc üð/ dqg 0ð ' E0ð�c 0ð2c ééc 0ðA ä

â

wkurxjk htxdwlrqv +4145, dqg +4146,1 Zkhq wkhuh lv qr vhuldo fruuhodwlrq whup
eð|/ wkh lqwhjudo lq htxdwlrq +4147, fdq eh vroyhg dqdo|wlfdoo| iru zhoo fkrvhq
C Eüð m kCä16 Exw iru jhqhudo C Eé m kCä dqg M Eé m kMä/ wkh lqwhjudo fdq eh hydox0
dwhg qhlwkhu dqdo|wlfdoo| qru qxphulfdoo|1

Vlpxodwlqj wkh lqwhjudo lv txlwh vwudljkwiruzdug1 Ohw 0oð eh dq ðð_ svhxgrudqgrp
gudz ri 0ðc o ' �c 2c ééc -1 Vlploduo|/ ohw üoð eh dq ðð_ udqgrp gudz ri üðc o '
�c 2c ééc -1 Wkhq uð fdq eh vlpxodwhg e| hydoxdwlqj wkh lqwhjudqg iru hdfk gudz o
dqg wdnlqj dq dyhudjh=

÷uð ' *L}

+
�

-

-[
o'�

%
A\
|'�

i T iýboð|j Eboð|ä+ð| *+ð|-
&,

+4148,

zkhuh boð| lv hydoxdwhg xvlqj wkh svhxgrudqgrp gudzv ri 0ð dqg üð lq htxdwlrq
+4145,1 Wkh pd{lpxp vlpxodwhg olnholkrrg hvwlpdwru ri w pd{lpl}hv

S
ð

÷uð1 Qrwh

5Rqh pljkw zdqw wr vshfli| d gl>huhqw glvwulexwlrq iru hl3 ehfdxvh ri dq lqlwldo frqglwlrqv
sureohp1

6Vhh Kdxvpdq/ Kdoo/ dqg Julolfkhv+4<;7,1
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wkdw hyhq wkrxjk i T
q
÷uð
r
lv xqeldvhg/ ÷uð lv eldvhg iru ?qlwh - +ehfdxvh ÷uð lv

d qrqolqhdu ixqfwlrq ri h{s
q
÷uð
r
,1 Wklv zloo fdxvh ÷w wr eh lqfrqvlvwhqw xqohvv

- $ 4 dv ùA $ 41 Krzhyhu/ Prqwh Fduor uhvxowv glvfxvvhg odwhu vkrz wkdw
wkh dv|pswrwlf eldv lv vpdoo dv orqj dv 3jrrg4 vlpxodwruv duh xvhg1

4161 Prqwh Fduor H{shulphqwv

Wkh odvw h{dpsoh lv d Prqwh Fduor h{shulphqw1 Ohw L eh d yhfwru ri gdwd dqg
r ELä eh d sursrvhg vwdwlvwlf wkdw ghshqgv xsrq L 1 Wkh vwdwlvwlf r ELä pd|
eh dq hvwlpdwru ru d whvw vwdwlvwlf1 Lq jhqhudo/ wkh xvhu zloo zdqw wr nqrz wkh
glvwulexwlrq ri r ELä1 Exw/ iru pdq| vwdwlvwlfv r Eéä/ ghulylqj wkh vpdoo vdpsoh
surshuwlhv ri r ELä lv qrw srvvleoh dqdo|wlfdoo|1 Vlpxodwlrq fdq e| xvhg wr ohduq
derxw wkh vpdoo vdpsoh surshuwlhv ri r ELä1 Doo prphqwv ri r ELä fdq eh zulwwhq
lq wkh irup .û ELä17 Phgldqv dqg/ lq idfw/ wkh zkroh glvwulexwlrq ri r ELä fdq
eh zulwwhq lq wkh irup .û ELä1 Prqwh Fduor h{shulphqwv duh srzhuixo wrrov wr
xvh lq hydoxdwlqj vwdwlvwlfdo surshuwlhv ri r ELä1 Krzhyhu fduh pxvw eh wdnhq lq
frqgxfwlqj vxfk h{shulphqwv1 Lq sduwlfxodu/ rqh pxvw eh fduhixo lq jhqhudol}lqj
Prqwh Fduor uhvxowv wr fdvhv qrw dfwxdoo| vlpxodwhg> d Prqwh Fduor h{shulphqw
uhdoo| rqo| surylghv lqirupdwlrq derxw wkh vshfl?f fdvh vlpxodwhg1 Dovr/ rqh
pxvw eh fduhixo qrw wr dwwhpsw vlpxodwlqj remhfwv wkdw gr qrw h{lvw1 Iru h{dpsoh/
vlpxodwlqj wkh h{shfwhg ydoxh ri d wzr vwdjh ohdvw vtxduhv +5VOV, hvwlpdwru ri
d mxvw lghqwl?hg htxdwlrq zrxog surylgh dq dqvzhu +ehfdxvh dq| sduwlfxodu gudz
ri r ELä lv ?qlwh, exw lw zrxog eh phdqlqjohvv ehfdxvh 5VOV hvwlpdwruv ri mxvw
lghqwl?hg htxdwlrqv kdyh qr ?qlwh prphqwv1 Vhh Khqgu|+4<;7, iru pruh rq Prqwh
Fduor h{shulphqwv1

51 Vlpxodwruv

Wklv vhfwlrq glvfxvvhv ydulrxv vlpxodwlrq phwkrgv1 Wkurxjkrxw/ wkh jrdo zloo eh
wr vlpxodwh .û ELä ru/ lq vrph vshfldo fdvhv/ èh d+æ ' � m fo1 Wkh ?uvw uhtxluhphqw
ri d vlpxodwlrq phwkrg lv wr vlpxodwh L iurp lwv glvwulexwlrq 8 1 Lq jhqhudo/ li ~ å
Xqlirup Efc �ä/ wkhq 83� E~ä å 8 18 Iru h{dpsoh/ wkh h{srqhqwldo glvwulexwlrq lv
8 E%ä ' �ýi T iýb%j1 Wkxv/ ý *L} E�ý ~ä *b å 8 1 Li 8 lv vwdqgdug qrupdo/ wkhq
83� kdv qr forvhg irup/ exw prvw frpsxwhuv kdyh d oleudu| urxwlqh wr dssur{lpdwh

7Iru Hv +X,/ k +X, @ v +X,/ dqg iru Ydu ^v +X,`/ k +X, @ ^v +X,ýHv +X,`5 =
8Prvw frpsxwhuv kdyh d oleudu| urxwlqh wr jhqhudwh vwdqgdug xqlirup udqgrp yduldeohv1 Vhh/

iru h{dpsoh/ Ulsoh| +4<;:, iru d glvfxvvlrq ri vwdqgdug xqlirup udqgrp qxpehu jhqhudwruv1
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83� iru wkh vwdqgdug qrupdo glvwulexwlrq1 Wuxqfdwhg udqgrp yduldeohv fdq eh
vlpxodwhg lq wkh vdph zd|1 Iru h{dpsoh/ dvvxph L å ù d>c j2o exw ohw lw eh
wuxqfdwhg ehwzhhq @ dqg K1 Wkhq/ vlqfh

8 Eüä '
é
x
ë
üý >
j

ê
ý x

ë
@ý >
j

êè
*

%
x

#
Ký >
j

$
ý x

ë
@ý >
j

ê&
+514,

zkhuh x lv wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq/ L fdq eh vlpxodwhg e|
ohwwlqj 8 Eüä ' ~ lq htxdwlrq +514, dqg vroylqj htxdwlrq +514, iru ü dv

jx3�
+
~

%
x

#
Ký >
j

$
ýx

ë
@ý >
j

ê&
nx

ë
@ý >
j

ê,
n >é +515,

Wklv lghd fdq eh dssolhg zlwk d vpdoo wzlvw wr glvfuhwh udqgrp yduldeohv1
Dvvxph L ' ð zlwk suredelolw| Rð iru ð ' �c 2c ééc ?1 Ohw åð ' èh dL é ðo ' Sð

æ'� Ræ1
Ohw ~ å Xqlirup Efc �ä/ dqg ohw L ' ð l> åð3� ÷ ~ é åð +zkhuh åf ' f,1 Wkhq L
lv glvwulexwhg dv ghvluhg1

Udqgrp yduldeohv iuhtxhqwo| fdq eh vlpxodwhg e| xvlqj d frpsrvlwlrq irupxod1
Iru h{dpsoh/ vlqfh d elqrpldo udqgrp yduldeoh lv wkh vxp ri lqghshqghqw Ehuqrxool
udqgrp yduldeohv/ zh fdq vlpxodwh d elqrpldo udqgrp yduldeoh e| vlpxodwlqj
lqghshqghqw Ehuqrxool*v dqg wkhq dgglqj wkhp xs1 D pruh xvhixo h{dpsoh lv
vlpxodwlqj pxowlyduldwh L å ù d>clo1 Ohw ~ å ù dfc Uo/ dqg ohw ä eh dq| pdwul{
vxfk wkdw ää â ' l +h1j1/ wkh Fkrohvn| ghfrpsrvlwlrq ri l,1 Wkhq lw lv hdv| wr
yhuli| wkdw ä~.> å ù d>clo1 Vr zh fdq vlpxodwh L e| vlpxodwlqj ~ dqg wkhq
wudqviruplqj lw1

Lq vrph fdvhv/ lw zloo eh qhfhvvdu| wr vlpxodwh d udqgrp yduldeoh frqglwlrqdo
rq vrph hyhqw zkhuh wkh lqyhuvh frqglwlrqdo glvwulexwlrq kdv qr dqdo|wlfdo irup
+ru jrrg dssur{lpdwlrq,1 Wkhuh duh d qxpehu ri dffhswdqfh0uhmhfwlrq phwkrgv
dydlodeoh iru pdq| vxfk fdvhv1 Dvvxph ELc~ä kdyh mrlqw glvwulexwlrq 8 Eüc 5ä
dqg wkdw lw lv vwudljkwiruzdug wr gudz ELc~ä iurp lwv mrlqw glvwulexwlrq1 Ixuwkhu/
dvvxph zh zdqw wr gudz L frqglwlrqdo rq ~ 5 7 zkhuh 7 lv d vxevhw ri wkh
vxssruw ri ~1 Wkh vlpsohvw dffhswdqfh0uhmhfwlrq vlpxodwlrq phwkrg lv=
+d, Gudz ELc~ä iurp 8 1
+e, Li ~ *5 7/ jr wr +d,1
+f, Li ~ 5 7/ nhhs1
Wkhuh duh pruh vrsklvwlfdwhg phwkrgv wkdw uhgxfh wkh h{shfwhg qxpehu ri gudzv
ri ELc~ä qhhghg +vhh/ iru h{dpsoh/ Ghyur|h+4<;9,/ Ulsoh|+4<;:,/ ru Wlhuqh|+4<<7,,/
exw doo dffhswdqfh0uhmhfwlrq vlpxodwlrq phwkrgv vx>hu iurp d, wkh srwhqwldoo| odujh

:



qxpehu ri gudzv qhhghg dqg e, wkh odfn ri gl>huhqwldelolw| ri .û ELä zlwk uhvshfw
wr sdudphwhu yhfwru w19 Wkxv/ iru wkh prvw sduw/ wkh| vkrxog eh dyrlghg1 Iru wkh
uhpdlqghu ri wkh fkdswhu/ lw zloo eh dvvxphg rqh fdq vlpxodwh L 1

Wkh prvw vwudljkwiruzdug vlpxodwru iru .û ELä lv

÷.û ELä '
�

-

-[
o'�

û Eüoä +516,

zkhuh üoc o ' �c 2c ééc -/ duh - ðð_ svhxgrudqgrp gudzv ri L 1 Zkhq vlpxodwlqj
èh d+æ ' � m fo/ htxdwlrq +516, ehfrphv htxdwlrq +4143,1 Li û lv frqwlqxrxv dqg
gl>huhqwldeoh zlwk uhvshfw wr w/ wkhq ÷.û ELä zloo eh frqwlqxrxv dqg gl>huhqwldeoh1
Htxdwlrq +516, lv xqeldvhg/ dqg lwv yduldqfh lv V@h dû ELäo *-1 Qrwh wkdw dv - $
4/ wkh yduldqfh ri wkh vlpxodwru $ }hur1

5141 Lpsruwdqfh Vdpsolqj

Vhyhudo phwkrgv doorz xv wr lpsuryh wkh shuirupdqfh ri d vlpxodwru vljql?fdqwo|
hlwkhu lq whupv ri uhgxfhg yduldqfh/ ehwwhu vprrwkqhvv surshuwlhv/ dqg2ru ehwwhu
frpsxwdwlrq wlph surshuwlhv1 Iru h{dpsoh/ wkh pxowlqrpldo surelw sureohp lq
Eruvfk0Vxsdq/ hw do1+4<<5, dqg wkh surgxfwlrq ixqfwlrq hvwlpdwlrq sureohp lq
Rkdqldq/ hw do1+4<<9, zrun zlwk vlpxodwlrq rqo| zlwk wkh xvh ri jrrg lpsruwdqfh
vdpsolqj vlpxodwruv1 Wkh uhvw ri wklv vhfwlrq ghvfulehv wkh prvw srsxodu vlpx0
odwlrq phwkrgv1 Wkh ?uvw phwkrg lv lpsruwdqfh vdpsolqj1 Frqvlghu .û ELä lq
htxdwlrq +414, zkhuh lw lv hlwkhu gl!fxow wr gudz L iurp 8 ru zkhuh û lv qrw
vprrwk1 Lq vrph fdvhv/ rqh fdq uhzulwh htxdwlrq +414, dv

.û ELä '
] û Eüä s Eüä

} Eüä
} Eüä _ü +517,

zkhuh } Eüä lv d ghqvlw| zlwk wkh iroorzlqj surshuwlhv=
d, lw lv hdv| wr gudz L iurp }/
e, s dqg } kdyh wkh vdph vxssruw/
f, lw lv hdv| wr hydoxdwh û Eüä s Eüä *} Eüä jlyhq ü/ dqg
g, û Eüä s Eüä *} Eüä lv erxqghg dqg vprrwk ryhu wkh vxssruw ri L 1

9Gl>huhqwldelolw| lv lpsruwdqw iru prvw hvwlpdwlrq surfhgxuhv1 Dq h{fhswlrq lv Jleev vdp0
solqj ru/ pruh jhqhudoo|/ Prqwh Fduor Pdunry Fkdlq hvwlpdwlrq phwkrgv1

;



Qrwh wkdw htxdwlrq +517, lv . dû ELä s ELä *} ELäo zkhuh L å }1 Wkhq wkh lpsru0
wdqfh vdpsolqj vlpxodwru iru .û ELä lv

÷.û ELä '
�

-

-[
o'�

û Eüoä s Eüoä

} Eüoä
+518,

zkhuh üoc o ' �c 2c éééc -� duh - ðð_ gudzv iurp }1 Wkh sxusrvh ri frqglwlrqv
+d, dqg +f, duh wr lqfuhdvh frpsxwdwlrqdo vshhg1 Wkh sxusrvh ri frqglwlrq +g, lv
yduldqfh erxqglqj dqg vprrwkqhvv1

Frqvlghu vlpxodwlqj èh d+æ ' � m fo iru wkh pxowlqrpldo surelw sureohp1 Htxd0
wlrq +41;, fdq eh zulwwhq dv]

üWæ÷Tæ

s
í
üWæ
ì
_üWæ '

]
üWæ÷Tæ

k
s
í
üWæ
ì
*}
í
üWæ
ìl
}
í
üWæ
ì
_üWæ +519,

iru vrph pxowlyduldwh ghqvlw| } vdwlvi|lqj Frqglwlrqv +d, wkurxjk +g,1 Frqvlghu }
zkhuh wkh &wk hohphqw ri üWæ lv glvwulexwhg lqghshqghqwo| wuxqfdwhg qrupdo zlwk
xsshu wuxqfdwlrq srlqw Tæ& dqg yduldqfh lWæ&& iru hdfk &1 Wkh fdqglgdwh } vdwlv?hv
Frqglwlrqv +d,/ +e,/ dqg +f,/ dqg û Eüä s Eüä *} Eüä lv vprrwk ryhu wkh vxssruw
üWæ ÷ Tæ1 Exw û Eüä s Eüä *} Eüä lv qrw erxqghg hvshfldoo| zkhq lWæ kdv odujh r>0
gldjrqdo whupv1 Wkxv/ wklv fkrlfh ri j pd| eh sureohpdwlf1 Lq idfw/ lq jhqhudo lw lv
wkh erxqghgqhvv frqglwlrq wkdw lv gl!fxow wr vdwlvi|1 Iru wkh pxowlqrpldo surelw
sureohp/ wkh Jhzhnh0Nhdqh0Kdmlydvvloolrx +JKN, dqg ghfrpsrvlwlrq vlpxodwruv
glvfxvvhg ehorz erwk fdq eh wkrxjkw ri dv lpsruwdqfh vdpsolqj vlpxodwruv wkdw
vdwlvi| Frqglwlrqv +d, wkurxjk +g,1 Wkh vlpxodwruv ghvfulehg lq Gdqlhovvrq dqg
Ulfkdug+4<<6, dqg Ulfkdug dqg ]kdqj+4<<9, duh pruh vrsklvwlfdwhg lpsruwdqfh
vdpsolqj vlpxodwruv1

5151 JKN Vlpxodwru

Wkh JKN vlpxodwru/ ghyhorshg e| Jhzhnh+4<<4,/ Kdmlydvvloolrx+4<<3,/ dqg Nhdqh+4<<7,/
kdv ehhq irxqg wr shuirup yhu| zhoo lq Prqwh Fduor vwxglhv +glvfxvvhg odwhu, iru
vlpxodwlqj èh

k
üWæ ÷ Tæ

l
1 Wkh JKN dojrulwkp vzlwfkhv edfn dqg iruwk ehwzhhq

frpsxwlqj xqlyduldwh/ wuxqfdwhg qrupdo suredelolwlhv/ vlpxodwlqj gudzv iurp xql0
yduldwh qrupdo glvwulexwlrqv/ dqg frpsxwlqj qrupdo glvwulexwlrqv frqglwlrqdo rq
suhylrxvo| gudzq wuxqfdwhg qrupdo udqgrp yduldeohv1 Vlqfh hdfk vwhs lv vwudljkw0
iruzdug dqg idvw/ wkh dojrulwkp fdq ghfrpsrvh wkh pruh gl!fxow sureohp lqwr d
vhulhv ri ihdvleoh vwhsv1 Wkh dojrulwkp lv dv iroorzv=

<



+d, Vhw | ' �/ > ' f/ j2 ' lWæ||/ dqg ÷å ' �1

+e, Frpsxwh R ' èh
í
üWæ| ÷ Tæ|

ì
dqdo|wlfdoo|/ dqg lqfuhphqw ÷å ' ÷å ú R1

+f, Gudz üWæ| iurp d wuxqfdwhg qrupdo glvwulexwlrq zlwk phdq >/ yduldqfh j2c dqg
xsshu wuxqfdwlrq srlqw Tæ|1
+g, Li | ÷ a ý �/ lqfuhphqw | e| 4> rwkhuzlvh jrwr +j,1
+h, Frpsxwh +dqdo|wlfdoo|, wkh glvwulexwlrq ri üWæ| frqglwlrqdo rq ü

W
æ�c ü

W
æ2c ééc ü

W
æ|3�1

Qrwh wkdw wklv lv qrupdo zlwk dq dqdo|wlfdoo| frpsxwdeoh phdq yhfwru > dqg
yduldqfh j21
+i, Jrwr +e,1
+j, ÷å lv wkh vlpxodwru1

Wkh dojrulwkp uholhv xsrq wkh idfw wkdw qrupdo udqgrp yduldeohv frqglwlrqdo
rq rwkhu qrupdo udqgrp yduldeohv duh vwloo qrupdo1 Wkh JKN vlpxodwru lv vwulfwo|
erxqghg ehwzhhq }hur dqg rqh ehfdxvh hdfk lqfuhphqw wr ÷å lv vwulfwo| erxqghg
ehwzhhq }hur dqg rqh1 Lw lv frqwlqxrxv dqg gl>huhqwldeoh lq w ehfdxvh hdfk lq0
fuhphqw wr ÷å lv frqwlqxrxv dqg gl>huhqwldeoh1 Lwv yduldqfh lv vpdoohu wkdq wkh
iuhtxhqf| vlpxodwru lq htxdwlrq +4143, ehfdxvh hdfk gudz ri ÷å lv vwulfwo| erxqghg
ehwzhhq }hur dqg rqh zkloh hdfk gudz ri wkh iuhtxhqf| vlpxodwru lv hlwkhu }hur ru
rqh1

Wkh JKN vlpxodwru lv dq lpsruwdqfh vdpsolqj vlpxodwru1 Frqvlghu wkh fdvh
zkhuh a ' ô1 Wkhq wkh suredelolw| wr vlpxodwh fdq eh zulwwhq dv

èh dü ÷ T o ' x ET�c T2ä
] T�

3"

] T2

3"
xETô m ü�c ü2ä è Eü2 m ü�äè Eü�ä

x ET�c T2ä
_ü2_ü� +51:,

zkhuh xET�c T2ä ' èh dü� ÷ T�c ü2 ÷ T2o/ x ETô m ü�c ü2ä ' èh düô ÷ Tô m ü�c ü2o/
è Eü2 m ü�ä lv wkh frqglwlrqdo ghqvlw| ri ü2 jlyhq ü�/ è Eü�ä lv wkh pdujlqdo ghqvlw|
ri ü�1 Htxdwlrq +51:, fdq eh zulwwhq lq wkh irup ri htxdwlrq +517, e| ohwwlqj

û Eüä ' x ET�c T2äx ETô m ü�c ü2ä c +51;,

s Eüä '
è Eü2 m ü�äè Eü�ä

x ET�c T2ä
� Eü� ÷ T�c ü2 ÷ T2ä c

} Eüä '
è Eü�ä

x ET�ä

è Eü2 m ü�ä
x ET2 m ü�ä

zkhuh } Eüä uh hfwv wkh JKN dojrulwkp*v phwkrg ri vlpxodwlrq1 Ehfdxvh lw lv dq
lpsruwdqfh vdpsolqj vlpxodwru/ JKN lv xqeldvhg1

D plqru prgl?fdwlrq ri wkh dojrulwkp surylghv gudzv ri qrupdo udqgrp ydul0
deohv üWæ frqglwlrqdo rq ü

W
æ é Tæ1 Rwkhu plqru prgl?fdwlrqv duh xvhixo iru uhodwhg

sureohpv1
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5161 Ghfrpsrvlwlrq Vlpxodwruv

Qh{w/ wzr ghfrpsrvlwlrq vlpxodwruv duh ghvfulehg1 Wkh Vwhuq+4<<5, vlpxodwru
xvhv wkh surshuw| wkdw wkh vxp ri wzr qrupdo udqgrp yhfwruv lv dovr qrupdo1 Wkh
jrdo lv wr vlpxodwh èh

k
üWæ ÷ Tæ

l
1 Ghfrpsrvh üWæ ' ~� n ~2 zkhuh ~� å ù dfc bo/

~2 å ù
k
fclWæ ý b

l
/ ~� dqg ~2 duh lqghshqghqw/ dqg b lv fkrvhq wr eh d gldjrqdo

pdwul{ dv odujh dv srvvleoh vxfk wkdw lWæ ý b lv srvlwlyh gh?qlwh1: Wkhq htxdwlrq
+41;, fdq eh zulwwhq dv U

èh d~� ÷ Tæ ý 52o } E52ä _52
'
U T
&
x
í
Tæ&352&
b&

ì
} E52ä _52

+51<,

zkhuh } Eéä lv wkh mrlqw qrupdo ghqvlw| ri ~21 Htxdwlrq +51<, fdq eh vlpxodwhg dv

�

-

-[
o'�

\
&

x
ë
Tæ& ý 5o2&
b&

ê
+5143,

zkhuh 5o2&/ & ' �c 2c ééc a ý �/ duh svhxgrudqgrp gudzv ri ~21 Wkh Vwhuq vlpxodwru
kdv doo ri wkh surshuwlhv ri wkh JKN vlpxodwru1 Vr zklfk rqh shuirupv ehwwhu lv
dq hpslulfdo pdwwhu ohiw wr odwhu glvfxvvlrq1

Dqrwkhu ghfrpsrvlwlrq vlpxodwru/ vxjjhvwhg e| PfIdgghq+4<;<,/ fkdqjhv wkh
vshfl?fdwlrq ri htxdwlrq +416, wr

+Wæ ' fæq n üæ n ôeæc æ ' �c ééc a +5144,

zkhuh ô lv d vpdoo qxpehu dqg eæ å ðð_ H{wuhph Ydoxh1 Lq wkh olplw/ dv ô $ f/
èh d+æ ' � m fo frqyhujhv wr d pxowlqrpldo surelw suredelolw|1 Exw iru dq| ô : f/

èh d+æ ' � m fo '
]
i T

+
fæq n üæ

ô

,
*
[
&

i T

+
f&q n ü&

ô

,
s Eüä _ü +5145,

zklfk lv wkh pxowlqrpldo orjlw suredelolw| frqglwlrqdo rq ü ' Eü�c ü2c ééc üaä lqwh0
judwhg ryhu s 1 Htxdwlrq +5145, fdq eh vlpxodwhg dv
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f&q n ü
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ô

,&
+5146,

:Dq hdv| zd| wr slfn è lv wr vhw hdfk gldjrqdo hohphqw ri è htxdo wr wkh vpdoohvw hljhqydoxh
ri óúm plqxv d vpdoo dprxqw1
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zkhuh üo duh svhxgrudqgrp gudzv ri ü1 Wkh lghd lq PfIdgghq+4<;<, lv wr wklqn
ri htxdwlrq +5144, dv d nhuqho0w|sh dssur{lpdwlrq ri htxdwlrq +416, iru vpdoo ô 1
Krzhyhu/ dvvxplqj htxdwlrq +5144, lv wkh wuxh vwuxfwxuh +zkhuh ô lv d sdudphwhu
wkdw fdq vrphwlphv eh hvwlpdwhg, wdnhv dzd| qr  h{lelolw| dqg iuhtxhqwo| hdvhv
vlpxodwlrq1 Pxowlyduldwh qrupdolw| lv d ghvludeoh dvvxpswlrq ehfdxvh ri lwv  h{l0
eoh fryduldqfh pdwul{1 Exw wkhuh duh yhu| ihz dssolfdwlrqv zkhuh wkhru| glfwdwhv
wkdw wkh huuru lq htxdwlrq +416, vkrxog eh pxowlyduldwh qrupdo1 Ehunryhf dqg
Vwhuq+4<<4, dqg Ehuu|/ Ohylqvrkq/ dqg Sdnhv+4<<8, xvh wkh PfIdgghq vshfl?fd0
wlrq dv wkh 3wuxh4 vshfl?fdwlrq lq d vwuxfwxudo prgho ri uhwluhphqw ehkdylru1

5171 Dqwlwkhwlf Dffhohudwlrq

Dqwlwkhwlf dffhohudwlrq lv d srzhuixo yduldqfh uhgxfwlrq phwkrg +vhh Jhzhnh/
4<;;,1 Lq dq| vlpxodwlrq phwkrg/ wkhuh lv vrph suredelolw| wkdw wkh svhxgr0
udqgrp gudzv zloo eh xqxvxdoo| odujh +ru vpdoo,1 Dqwlwkhwlf dffhohudwlrq suhyhqwv
vxfk hyhqwv iurp rffxuulqj dqg wkxv uhgxfhv wkh yduldqfh ri wkh vlpxodwru1 Frq0
vlghu wkh jhqhudo sureohp ri vlpxodwlqj .û ELä zkhuh L å 8 1 Ohw ~ å Xqlirup
Efc �ä1 Wkhq û E83� E~ää lv d vlpxodwru ri .û ELä1 Exw û E83� E�ý ~ää lv dovr
d vlpxodwru ri .û ELä +ehfdxvh � ý ~ å Xqlirup Efc �ä dovr,1 Wkh dqwlwkhwlf
dffhohudwlrq vlpxodwru ri .û ELä lv

÷.û Eüä '
�

2-

-[
o'�

k
û
í
83� E5oä

ì
n û

í
83� E�ý 5oä

ìl
+5147,

zkhuh 5o lv d svhxgrudqgrp gudz ri ~1 Zkhq 8 lv ù dfc j2o c htxdwlrq +5147,
ehfrphv

÷.û Eüä '
�

2-

-[
o'�

dû Eüoä n û Eýüoäo +5148,

zkhuh üo lv d svhxgrudqgrp gudz ri L 1 Iru dq| v|pphwulf 8 / li û lv olqhdu/
wkh yduldqfh ri ÷.û ELä lv }hur1 Iru prqrwrqh û/ wkh yduldqfh ri ÷.û ELä zlwk -
gudzv dqg dqwlwkhwlf dffhohudwlrq lv vpdoohu wkdq wkh yduldqfh ri ÷.û ELä zlwk 2-
gudzv dqg qr dqwlwkhwlf dffhohudwlrq1 Li .û ELä lv ehlqj vlpxodwhg wr hvwlpdwh d
sdudphwhu w zlwk ù revhuydwlrqv dqg û lv prqrwrqh/ wkhq wkh lqfuhdvh lq Ydu

í
÷w
ì

gxh wr vlpxodwlrq zkhq dqwlwkhwlf dffhohudwlrq lv xvhg lv ri rughu E�*ùä wlphv wkh
lqfuhdvh lq Ydu

í
÷w
ì
gxh wr vlpxodwlrq zkhq dqwlwkhwlf dffhohudwlrq lv qrw xvhg1 Wkh

ydoxh ri wklv lv glvfxvvhg pruh lq wkh qh{w vhfwlrq1
Wkhuh duh vlpxodwlrq sureohpv zkhuh dqwlwkhwlf dffhohudwlrq grhv qrw khos1 Iru

h{dpsoh/ ohw L å ù dfc j2o/ dqg ohw û ELä ' L21 Wkhq Ydu
k
÷.û ELä

l
zlwk dqwlwkhwlf
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dffhohudwlrq dqg - gudzv lv juhdwhu wkdq wkdw zlwkrxw dqwlwkhwlf dffhohudwlrq dqg
2- gudzv1 Wklv lv ehfdxvh û EýLä ' û ELä zklfk phdqv wkdw htxdwlrq +5148,
ehfrphv htxdwlrq +516,> wkh yduldqfh lv wzlfh dv juhdw dv zlwk qr dqwlwkhwlf dffho0
hudwlrq dqg 2- gudzv1 Lq jhqhudo/ ghyldwlrqv iurp prqrwrqh û zloo glplqlvk wkh
shuirupdqfh ri dqwlwkhwlf dffhohudwlrq1 Exw Kdpphuvo| dqg Kdqgvfrpe+4<97,
vxjjhvwv jhqhudol}dwlrqv ri dqwlwkhwlf dffhohudwlrq wkdw zloo uhgxfh yduldqfh iru
pruh jhqhudo û1

D uhodwhg phwkrg lv wkh xvh ri frqwuro yduldwhv1 Ohw ÷.ûELä eh d vlpxodwru ri
.ûELä/ dqg ohw ÷& ELä eh vrph rwkhu vlpxodwru zlwk nqrzq h{shfwhg ydoxh .&ELä1
Wkhq

ì.û ELä ' ÷.ûELäý ÷& ELä n .&ELä +5149,

kdv h{shfwhg ydoxh .ûELä dqg yduldqfh

T @o
k
ì.û ELä

l
' T @o

k
÷.ûELä

l
n T @o

k
÷& ELä

l
ý 2äJñ

k
÷.ûELäc ÷& ELä

l
é +514:,

Li äJñ
k
÷.ûELäc ÷& ELä

l
: T @o

k
÷& ELä

l
*2/ wkhq T @o

k
ì.û ELä

l
÷ T @o

k
÷.ûELä

l
1 Wklv

lghd fdq eh xvhg h>hfwlyho| lq Prqwh Fduor whvwlqj dqg fryduldqfh pdwul{ hvwlpd0
wlrq +zkhuh lw lv hdv| wr ?qg d vlpxodwru ÷& ELä zlwk nqrzq h{shfwhg ydoxh,1 Lq
idfw/ lw fdq eh xvhg wr lqfuhdvh wkh udwh ri frqyhujhqfh ri vxfk hvwlpdwruv +vhh/ iru
h{dpsoh/ Khqgu| 4<;7 ru Eurzq dqg Qhzh| 4<<9,1

61 Hvwlpdwlrq Phwkrgv

Wkh jrdo ri wklv vhfwlrq lv wr xvh wkh vlpxodwruv ghyhorshg lq wkh odvw vhfwlrq
lq vrph hvwlpdwlrq sureohpv1 Irxu gl>huhqw hvwlpdwlrq phwkrgv duh glvfxvvhg=
phwkrg ri vlpxodwhg prphqwv +PVP,/ pd{lpxp vlpxodwhg olnholkrrg hvwlpd0
wlrq +PVO,/ phwkrg ri vlpxodwhg vfruhv +PVV,/ dqg Prqwh Fduor Pdunry Fkdlq
phwkrgv +zlwk hpskdvlv rq Jleev vdpsolqj,1 Hdfk phwkrg lv ghvfulehg/ dqg lwv
wkhruhwlfdo surshuwlhv duh glvfxvvhg1

6141 Phwkrg ri Vlpxodwhg Prphqwv

Pdq| hvwlpdwlrq sureohpv lqyroyh ?qglqj d sdudphwhu yhfwru w wkdw vroyhv d vhw
ri ruwkrjrqdolw| frqglwlrqv

'âû E+cf m wä ' f +614,
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zkhuh ' lv d vhw ri lqvwuxphqwv zlwk glphqvlrq htxdo wr wkh glphqvlrq ri w1; Vxfk
hvwlpdwruv duh fdoohg phwkrg ri prphqwv +PRP, hvwlpdwruv1 Doo ohdvw vtxduhv
phwkrgv duh vshfldo fdvhv ri htxdwlrq +614,/ dqg pdq| sureohpv xvxdoo| hvwlpdwhg
dv POH fdq eh uhfdvw dv PRP hvwlpdwruv1 Iru h{dpsoh/ Dyhu|/ Kdqvhq/ dqg
Krw}+4<;6, vxjjhvw krz wr uhfdvw wkh wkh pxowlqrpldo surelw sureohp dv d PRP
sureohp zkhuh û E+cf m wä lv wkh yhfwru + ý . E+ m fä lq wkh pxowlqrpldo surelw
sureohp ri Vhfwlrq 4 zlwk æwk hohphqw jlyhq e| htxdwlrq +417,1

Lq pdq| PRP sureohpv/ wkh ruwkrjrqdolw| frqglwlrq fdq qrw eh hydoxdwhg
dqdo|wlfdoo|1 Iru h{dpsoh/ lq wkh pxowlqrpldo surelw sureohp/ hydoxdwlqj . d+ m fo
lqyroyhv hydoxdwlqj htxdwlrq +417,1 PVP uhsodfhv û E+cf m wä zlwk dq xqeldvhg
vlpxodwru ÷û E+cf m wä dqg wkhq ?qgv wkh w wkdw vroyhv

'â÷û E+cf m wä ' fé +615,

Wkh w wkdw vroyhv htxdwlrq +615, lv wkh PVP hvwlpdwru ri w/ ÷w1 PfIdgghq+4<;<,
dqg Sdnhv dqg Sroodug+4<;<, vkrz wkdw/ dv orqj dv ÷û E+cf m wä lv dq xqeldvhg
vlpxodwru ri û E+cf m wä/ ghyldwlrqv ehwzhhq ÷û dqg û zloo zdvk rxw e| wkh Odz
ri Odujh Qxpehuv ehfdxvh htxdwlrq +615, lv olqhdu lq ÷û dqg solp

í
÷w
ì
' w dv wkh

vdpsoh vl}h ù $4 hyhq iru vpdoo -1<

Frqvlghu wkh pxowlqrpldo surelw sureohp lq pruh ghwdlo1 Dv lq Vhfwlrq 4/ ohw +ð
eh wkh yhfwru ri ghshqghqw yduldeohv iru revhuydwlrq ð/ ð ' �c 2c ééc ùc zkhuh +ðæ ' �
l> fkrlfh æ lv fkrvhq e| ð1 Wkh suredelolw| ri ð fkrrvlqj æ frqglwlrqdo rq fð lv
jlyhq lq htxdwlrq +41;,/ dqg lwv iuhtxhqf| vlpxodwru lv jlyhq lq htxdwlrq +4143,1
Wkh iuhtxhqf| vlpxodwru vkrxog eh uhsodfhg e| rqh ri wkh vlpxodwruv glvfxvvhg lq
Vhfwlrq 5/ exw iru qrz zh zloo xvh wkh iuhtxhqf| vlpxodwru iru hdvh ri suhvhqwdwlrq1
Dv zdv glvfxvvhg hduolhu/ . d+ðæ m fðo ' èh d+ðæ ' � m fðo é Ohw åð eh d a0hohphqw
yhfwru zlwk èh d+ðæ ' � m fðo lq wkh æwk hohphqw ri åð/ dqg ohw 0ð ' +ð ý åð1 Wkhq
. d0ð m fðo ' f/ dqg

.
[
ð

'âð0ð ' f +616,

iru dq| vhw ri h{rjhqrxv lqvwuxphqwv 'ð1 Wkxv/ frqglwlrqdo rq d fkrvhq ' '
E'�c '2c ééc 'ùä/ wkh w ' Eqclä wkdw vdwlv?hv

S
ð'

â
ð0ð ' f lv wkh PRP hvwlpdwru

ri w1 Ohw ÷åð eh dq xqeldvhg vlpxodwru ri åð/ dqg ohw ÷0ð ' +ðý ÷åð1 Wkhq wkh w wkdw
vroyhv [

ð

'âð÷0ð ' f +617,

;Zkhq wkh glphqvlrq ri T lv juhdwhu wkdq wkh glphqvlrq ri ë/ wkh sureohp fdq eh jhqhudol}hg
wr d JPP sureohp1

<H{wud frqglwlrqv duh irxqg lq PfIdgghq+4<;<, dqg Sdnhv dqg Sroodug+4<;<,1
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lv wkh PVP hvwlpdwru ri w1
Wr ?qg d uhdvrqdeoh '/ frqvlghu wkh orj olnholkrrg frqwulexwlrq iru wkh pxowl0

qrpldo surelw prgho=
uð '

[
æ

+ðæ *L}åðæ é +618,

Wkh vfruh vwdwlvwlfv iru w fdq eh zulwwhq dv

Yuð*Yw '
S
æ
+ðæ

Yåðæ*Yw

åðæ

'
S
æ

Yåðæ*Yw

åðæ
E+ðæ ý åðæ n åðæä

'
S
æ

Yåðæ*Yw

åðæ
E+ðæ ý åðæä nS

æ

Yåðæ
Yw

+619,

zkhuh wkh odvw whup htxdov }hur ehfdxvh wkh
S
æ
åðæ ' �1 Wkxv/ rqh fdq zulwh wkh

vfruh vwdwlvwlfv lq wkh irup ri htxdwlrq +617,1 Zlwk dq lqlwldo hvwlpdwh ri w/ rqh
fdq frqvwuxfw E�*åðæä EYåðæ*Ywä iru w dqg doo æ dqg xvh lw dv dq lqvwuxphqw pdwul{
'ð iru hdfk ð1 Lw lv olnho| wkdw wkh lqvwuxphqwv ' zloo qhhg wr eh vlpxodwhg +h1j1/
li wkh hohphqwv ri 'ð duh E�*åðæä EYåðæ*Ywä,1 Wklv suhvhqwv qr vljql?fdqw sureohpv
dv orqj dv wkh svhxgrudqgrp yduldeohv xvhg wr vlpxodwh 'ð duh lqghshqghqw ri
wkrvh xvhg lq wkh hvwlpdwlrq surfhvv +wr hqvxuh h{rjhqhlw|,1 Iru dq| h{rjhqrxv
'/ wkh ÷w wkdw vroyhv htxdwlrq +617, lv d frqvlvwhqw hvwlpdwh ri w1 Wkxv/ rqfh w lv
hvwlpdwhg/ ' fdq eh xsgdwhg xvlqj ÷w dqg wkhq xvhg wr ?qg d qhz ÷w wkdw vroyhv
htxdwlrq +617,1

Iru dq| h{rjhqrxv '/ wkh fryduldqfh pdwul{ ri ÷w kdv wzr whupv= d whup gxh
wr udqgrp yduldwlrq lq wkh gdwd dqg d whup gxh wr vlpxodwlrq1 Dv orqj dv ÷åð lv
dq h{rjhqrxv/ xqeldvhg vlpxodwru ri åð/ rqh fdq zulwh

÷åð ' åð n 1ð +61:,

zkhuh 1ð lv d udqgrp yduldeoh fdxvhg e| vlpxodwlrq zlwk }hur phdq lqghshqghqw
ri "ðc wkh ghyldwlrq ehwzhhq +ð dqg åð1 Wkxv/ wkh fryduldqfh pdwul{ ri ÷0ð fdq eh
zulwwhq dv .""â n .11â*1 Li ÷åð lv wkh iuhtxhqf| vlpxodwru ri åð/ wkhq 1 lv mxvw dq
dyhudjh ri - lqghshqghqw svhxgrudqgrp yduldeohv hdfk zlwk wkh vdph fryduldqfh
pdwul{ dv 01 Wkxv/ wkh fryduldqfh pdwul{ ri ÷0 lv wkh fryduldqfh pdwul{ ri 0 wlphv
d� n-3�o1 Wkh dv|pswrwlf fryduldqfh pdwul{ ri ÷w lv d olqhdu ixqfwlrq ri wkh frydul0
dqfh pdwulfhv iru ÷0ðc ð ' �c 2c ééc ù +PfIdgghq/ 4<;</ s1 4339,1 Qrwh wkdw iru dq|
- è �/ ÷w lv frqvlvwhqw> wkdw dv - $ 4/ wkh PVP fryduldqfh pdwul{ dssurdfkhv
wkh PRP fryduldqfh pdwul{ +zklfk lv h!flhqw zkhq wkh wzr0vwhs surfhgxuh gh0
vfulehg deryh lv xvhg,> dqg wkdw wkh pdujlqdo lpsuryhphqw lq suhflvlrq ghfolqhv
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udslgo| lq -1 Li dq dowhuqdwlyh vlpxodwru zlwk vpdoohu yduldqfh lv xvhg/ wkhq wkh
orvv ri suhflvlrq gxh wr vlpxodwlrq ghfolqhv1 Iru h{dpsoh/ li dqwlwkhwlf dffhohudwlrq
lv xvhg/ wkhq wkh orvv lq suhflvlrq ehfrphv ri rughu E�*ùä +vhh Jhzhnh 4<;;, zklfk
uhtxluhv qr dgmxvwphqw wr wkh dv|pswrwlf fryduldqfh pdwul{1

Ehorz lv d urdgpds iru xvlqj PVP wr hvwlpdwh pxowlqrpldo surelw sdudphwhuv=
d, Fkrrvh dq lghqwl?deoh sdudphwhul}dwlrq iru l dqg lqlwldo ydoxhv iru w ' Eqclä1
Pdnh vxuh wkdw wkh lqlwldo jxhvv uhvxowv lq suredelolwlhv uhdvrqdeo| idu iurp }hur
ru rqh1
e, Fkrrvh d vlpxodwru1
f, Vlpxodwh 5ùa-43 vwdqgdug qrupdo udqgrp yduldeohv1 Vwruh ùa- ri wkhp lq
dq lqvwuxphqwv udqgrp qxpehu ?oh dqg ùa- lq dq hvwlpdwlrq udqgrp qxpehu
?oh1 Wkhvh udqgrp qxpehuv zloo eh xvhg wkurxjkrxw wkh hvwlpdwlrq surfhvv dqg
qhyhu fkdqjhg1
g, Jlyhq wkh lqlwldo jxhvv ri w dqg wkh lqvwuxphqwv udqgrp qxpehu ?oh/ vlpxodwh
'1 Vwruh wkh vlpxodwhg lqvwuxphqwv1
h, Jlyhq wkh lqlwldo jxhvv ri w/ wkh vlpxodwhg'/ dqg wkh hvwlpdwlrq udqgrp qxpehu
?oh/ vroyh htxdwlrq +617, iru w1 Wklv lv dq PVP hvwlpdwru ri w1
i, Jlyhq wkh lqlwldo PVP hvwlpdwru/ uhshuirup vwhsv +g, dqg +h, rqfh1
Vroylqj htxdwlrq +617, uhtxluhv xvlqj dq rswlpl}dwlrq dojrulwkp wr ?qg wkh w wkdw
plqlpl}hv [

ð

÷0âð'ð'
â
ð÷0ðé +61;,

Wkh ghulydwlyhv ri ÷åð duh zhoo ehkdyhg/ vr ghulydwlyh edvhg rswlpl}dwlrq urxwlqhv
vkrxog eh xvhg1 Dw hdfk jxhvv ri w/ wkh vwdqgdug qrupdo svhxgrudqgrp qxpehuv
lq wkh hvwlpdwlrq udqgrp qxpehu ?oh duh xvhg wr fuhdwh d qhz vhw ri ù dfclo
udqgrp qxpehuv xvlqj wkh phwkrg ghvfulehg lq Vhfwlrq 51 Wkxv/ hyhq wkrxjk
wkh vwdqgdug qrupdo udqgrp qxpehuv qhyhu fkdqjh/ rqh lv dozd|v xvlqj udqgrp
qxpehuv iurp wkh fruuhfw qrupdo glvwulexwlrq1

Frqvlghu wkh xqrevhuyhg khwhurjhqhlw| frxqw sureohp ghvfulehg lq htxdwlrqv
+4144, wkurxjk +4146,1 Ohw +ð| eh wkh qxpehu ri hyhqwv iru ð dw wlph |1 . d+ð| m bð|o
lv bð|/ exw wkh fryduldqfh pdwul{ ri +ð kdv qr forvhg irup1 Ohw ñð eh d yhfwru ri
uhvlgxdov zlwk dA n A EA n �ä *2o hohphqwv1 Wkh ?uvw A hohphqwv ri ñð duh +ð|ý.bð|
iru | ' �c 2c ééc A zkhuh wkh h{shfwdwlrq lv ryhu eð| dqg üð lq htxdwlrq +4145,1 Wkh
odvw A EA n �ä *2 hohphqwv fruuhvsrqg wr 3fryduldqfh uhvlgxdov14 D uhsuhvhqwdwlyh
hohphqw zrxog eh

E+ð| ý .bð|ä E+ðr ý.bðräý äð|r +61<,

43Uhphpehu wkdw Q @ vdpsoh vl}h/ M @ qxpehu ri fkrlfhv/ dqg U @ qxpehu ri gudzv1

49



iru wzr shulrgv/ | dqg r/ zkhuh äð|r lv wkh FryE+ð|c +ðrä1 Wkh PRP hvwlpdwru ri
w ' Eqc 4c jCc jMä vroyhv [

ð

'
â
ðñð ' f +6143,

jlyhq d vhw ri lqvwuxphqwv '1 Vlqfh erwk .bð| dqg äð|r fdq qrw eh hydoxdwhg dqd0
o|wlfdoo|/44wkh PRP hvwlpdwru lv qrw ihdvleoh1 Exw .bð| dqg äð|r fdq eh vlpxodwhg1
Ohw ÷+oð| eh d vlpxodwhg frxqw yduldeoh1 Zh fdq vlpxodwh eð| dqg üð dqg wkhuhiruh
bð|1 Frqglwlrqdo rq wkh vlpxodwhg bð|/ zh fdq vlpxodwh +ð| hlwkhu gluhfwo| ru e|
xvlqj wkh uhodwlrqvkls ehwzhhq Srlvvrq udqgrp yduldeohv dqg h{srqhqwldo udqgrp
yduldeohv1

Dssolfdwlrqv xvlqj PVP lqfoxgh d uhwluhphqw sureohp lq Ehunryhf dqg Vwhuq+4<<5,/
d pdunhw hqwu| sureohp lq Ehuu|+4<<5,/ d g|qdplf surjudpplqj sureohp lq
Krw}/ hw do1+4<<7,/ dqg dq dxwrpreloh sulflqj prgho lq Ehuu|/ Ohylqvrkq/ dqg
Sdnhv+4<<8,1

6151 Pd{lpxp Vlpxodwhg Olnholkrrg

D frpprq hvwlpdwlrq phwkrg zlwk jrrg rswlpdolw| surshuwlhv lv pd{lpxp olnh0
olkrrg +PO, hvwlpdwlrq1 Wkh edvlf lghd lv wr pd{lpl}h wkh orj olnholkrrg ri wkh
revhuyhg gdwd ryhu wkh yhfwru ri hvwlpdwhg sdudphwhuv1 PO hvwlpdwruv duh frqvlv0
whqw dqg h!flhqw iru d yhu| odujh fodvv ri sureohpv1 Wkhlu dv|pswrwlf glvwulexwlrq
lv qrupdo iru d voljkwo| vpdoohu fodvv ri sureohpv1 Krzhyhu wkhuh duh pdq| olnh0
olkrrg ixqfwlrqv wkdw fdq qrw eh hydoxdwhg dqdo|wlfdoo|1 Lq pdq| fdvhv/ wkh| fdq
eh wkrxjkw ri dv h{shfwhg ydoxhv ri vrph udqgrp ixqfwlrq wkdw fdq eh vlpxodwhg1

Frqvlghu djdlq wkh pxowlqrpldo surelw sureohp1 Wkh orj olnholkrrg frqwulex0
wlrq iru revhuydwlrq l lv gh?qhg lq htxdwlrq +618,1 Qrwh wkdw rqo| rqh hohphqw ri
+ð lv qrw }hur/ vr rqo| rqh suredelolw| qhhgv wr eh frpsxwhg1 Wklv lv d vljql?fdqw
dgydqwdjh ri pd{lpxp vlpxodwhg olnholkrrg +PVO, ryhu PVP1 Vwloo/ wr hydoxdwh
wkh orj olnholkrrg ixqfwlrq/ rqh pxvw eh deoh wr hydoxdwh ru vlpxodwh åðæ iru wkh
fkrlfh fkrvhq1 Wkh PVO hvwlpdwru ri w lv wkh ydoxh ri w wkdw pd{lpl}hv

u '
ù[
ð'�

[
æ

+ðæ *? ÷åðæ +6144,

zkhuh ÷åðæ lv wkh vlpxodwhg ydoxh ri åðæ1

44Xqghu vshfldo dvvxpswlrqv derxw wkh glvwulexwlrq ri xl dqg hlw ghvfulehg lq Kdxvpdq/ Kdoo/
dqg Julolfkhv +4<;7,/ wkh prphqwv kdyh dqdo|wlfdo irupv1

4:



D vljql?fdqw sureohp zlwk PVO lv wkdw wkh orj olnholkrrg ixqfwlrq lv qrw olqhdu
lq ÷å 1 Wkxv/ xqolnh PVP/ wkh vlpxodwlrq huuruv/ ÷åýå / zloo qrw zdvk rxw dv|pswrw0
lfdoo| dv ù $4 xqohvv -$4 dovr1 Ohupdq dqg Pdqvnl+4<;4, vxjjhvwhg xvlqj
PVO zlwk d iuhtxhqf| vlpxodwru1 Wkh| irxqg wkdw - qhhghg wr eh txlwh odujh
wr ghdo zlwk wklv sureohp1 Krzhyhu/ Eruvfk0Vxsdq dqg Kdmlydvvloolrx+4<<6, vkrz
lq Prqwh Fduor vwxglhv wkdw li ehwwhu vlpxodwruv duh xvhg/ lq sduwlfxodu vprrwk/
vpdoohu yduldqfh vlpxodwruv erxqghg dzd| iurp }hur dqg rqh/ wkhq wkh eldv fdxvhg
e| ?qlwh - lv vpdoo iru prghudwh vl}hg -1 Lq idfw/ lq wkhlu vwxg|/ PVO shuirupv
ehwwhu wkdq PVP1

Frqvlghu wkh xqrevhuyhg khwhurjhqhlw| prgho ghvfulehg lq htxdwlrqv +4144,
wkurxjk +4146,1 Wkh orj olnholkrrg frqwulexwlrq iru revhuydwlrq l lv jlyhq lq htxd0
wlrq +4147,1 Wkh dujxphqw ri wkh orj lv wkh h{shfwhg ydoxh ri

A\
|'�

di T iýbð|jb+ð|ð| *+ð|-o +6145,

ryhu wkh glvwulexwlrq ri wkh huuruv ghwhuplqlqj bð|1 Rqh fdq vlpxodwh bð| iru hdfk
ð dqg | dqg wkhuhiruh wkh h{shfwhg ydoxh ri wkh whup lq htxdwlrq +6145,1 Vlqfh
wkh vlpxodwru ri uð lv wkh orj ri wklv whup/ lw lv eldvhg/ dqg wkh eldv glvdsshduv
rqo| dv - $ 41 Exw wkh vlpxodwru ri htxdwlrq +6145, lv vprrwk/ dqg dqwlwkhwlf
dffhohudwlrq fdq eh xvhg wr vljql?fdqwo| uhgxfh wkh yduldqfh1 Wkxv wkh dv|pswrwlf
eldv dvvrfldwhg zlwk vlpxodwlqj wkh orj olnholkrrg ixqfwlrq vkrxog eh vpdoo1

Dssolfdwlrqv ri PVO lqfoxgh d sdwhqw uhqhzdo prgho lq Sdnhv+4<;9,/ d orqj0
whup fduh prgho lq Eruvfk0Vxsdq/ hw do1+4<<5,/ dqg wkh surgxfwlrq ixqfwlrq prgho
lq Rkdqldq/ hw do1+4<<9,1

6161 Phwkrg ri Vlpxodwhg Vfruhv

D surshuw| ri pd{lpxp olnholkrrg lv wkdw wkh vfruh vwdwlvwlf/ wkh ghulydwlyh ri
wkh orj olnholkrrg ixqfwlrq/ vkrxog kdyh dq h{shfwhg ydoxh ri }hur dw wkh wuxh
ydoxh ri w1 Wklv lghd lv wkh prwlydwlrq ehklqg wkh phwkrg ri vlpxodwhg vfruhv
+PVV,1 Kdmlydvvlolrx dqg PfIdgghq+4<<3, xvh PVV lq d prgho ri h{whuqdo ghew
fulvhv1 Wkh srwhqwldo dgydqwdjh ri PVV lv wr xvh dq hvwlpdwru zlwk wkh h!flhqf|
surshuwlhv ri PO dqg wkh frqvlvwhqf| surshuwlhv ri PVP1 PVP lv dv|pswrwlfdoo|
h!flhqw li wkh surshu zhljkwv duh xvhg +wkrvh wkdw wxuq wkh prphqw frqglwlrq lqwr
d vfruh vwdwlvwlf,1 PVV hqvxuhv wkdw wkh surshu zhljkwv duh xvhg1 Wkh gl!fxow|
lq wklv phwkrg lv wr frqvwuxfw dq xqeldvhg vlpxodwru ri wkh vfruh vwdwlvwlf1 Wkh
sureohpv wklv fdxvhv zloo ehfrph fohdu lq wkh pxowlqrpldo surelw h{dpsoh1 Wkh
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orj olnholkrrg frqwulexwlrq ri revhuydwlrq l lv jlyhq lq htxdwlrq +618,/ dqg lwv
ghulydwlyh lv

Yuð*Yw '
S
æ +ðæ

Yåðæ*Yw

åðæ

' Yåðæ*Yw

åðæ

+6146,

iru wkh æ fruuhvsrqglqj wr wkh fkrvhq dowhuqdwlyh1 Wkh jrdo lv wr frqvwuxfw dq
xqeldvhg vlpxodwru iru htxdwlrq +6146, vr wkdw wkh sureohp fdq eh wxuqhg lqwr
d PVP sureohp1 Zkloh lw lv vwudljkwiruzdug wr frqvwuxfw dq xqeldvhg vlpxodwru
iru erwk wkh qxphudwru dqg ghqrplqdwru lq htxdwlrq +6146,/ wkh udwlr zloo qrw eh
xqeldvhg dv orqj dv wkh ghqrplqdwru lv udqgrp1

Frqvlghu frqvwuxfwlqj dq xqeldvhg vlpxodwru ri wkh udwlr1 Vxsuhvvlqj wkh ð
vxevfulsw/ htxdwlrq +6146, fdq eh zulwwhq dv

Yåæ*Yw

åæ
'
Y

Yw

]
øæ

s E+Wä _+W*åæ +6147,

zkhuh +W ' E+W�c +
W
2c ééc +

W
aä/ s lv wkh mrlqw ghqvlw| ri +W/ dqg øæ lv wkh vxevhw ri wkh

vxssruw ri +W zkhuh +Wæ : +
W
& iru doo & 9' æ1 Wklv htxdov

Yåæ*Yw

åæ
'
U
øæ

YsE+Wä*Yw
sE+Wä s E+Wä _+W*åæ

' .
k
Y
Yw
*? s E+Wä m +æ ' �

l +6148,

zkhuh wkh h{shfwdwlrq lv zlwk uhvshfw wr wkh mrlqw ghqvlw| ri +W1 Rqh xvxdoo| fdq
vlpxodwh wkh h{shfwdwlrq lq htxdwlrq +6148, +h1j1/ xvlqj wkh JKN vlpxodwru, dqg
wkxv jhw dq xqeldvhg hvwlpdwru ri wkh udwlr1 Kdmlydvvlolrx dqg Uxxg +4<<7, vkrz
wkdw wklv phwkrg ri vlpxodwlqj wkh vfruh jhqhudol}hv iru doo olplwhg ghshqghqw
yduldeoh sureohpv1

6171 Prqwh Fduor Pdunry Fkdlq Phwkrgv

Wkh odvw hvwlpdwlrq surfhgxuh glvfxvvhg lv txlwh gl>huhqw wkdq wkh rwkhuv lq wkdw
lw lv d Ed|hvldq hvwlpdwru1 Lq jhqhudo/ zh kdyh d prgho vshfl?hg xs wr d vhw ri
sdudphwhuv w/ vrph gdwd iE+ðc fðäjùð'�/ dqg d sulru glvwulexwlrq iru w1 Wkh jrdo
lv wr xvh wkh gdwd wr xsgdwh wkh sulru glvwulexwlrq wr jhw d srvwhulru glvwulexwlrq
iru w1 Frpsxwlqj wkh srvwhulru lqyroyhv xvlqj Ed|hv uxoh zklfk xvxdoo| lqyroyhv
vroylqj d gl!fxow lqwhjudo/ wkxv pdnlqj lw dq lqwudfwdeoh sureohp1 Frqvlghu d
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jhqhudo sureohp zkhuh Z E5ä lv d nqrzq ghqvlw| ixqfwlrq dqg R E5?n� m 5?ä lv d
wudqvlwlrq ghqvlw| ixqfwlrq vxfk wkdw

Z E5ä '
]
R E5 m 5âä Z E5âä _5âé +6149,

Wkhq Pdunry Fkdlq wkhru| whoov xv wkdw uhshdwhg dssolfdwlrq ri wkh wudqvlwlrq
ghqvlw| wr dq duelwudu| ghqvlw| ) E5ä zloo dv|pswrwh wr Z E5ä=

Z E5ä '
]
R? E5 m 5âä) E5âä _5â +614:,

zkhuh

R? E5 m 5âä '
]
R?3� E5 m 5ââä R E5ââ m 5âä) E5ââä _5ââ +614;,

R� E5 m 5âä ' R E5 m 5âä

Wkh lghd lq Prqwh Fduor Pdunry Fkdlq +PFPF, phwkrgv lv wr vlpxodwh iurp
R E5?n� m 5?ä uhshdwhgo| dqg wr wkxv jhqhudwh d vdpsoh iurp Z E5ä1 D srsxodu
PFPFphwkrg lv Jleev vdpsolqj +srvvleo| zlwk gdwd dxjphqwdwlrq,1 Frqwlqxlqj
zlwk rxu jhqhudo qrwdwlrq/ dvvxph wkdw wkhuh lv qdwxudo zd| wr sduwlwlrq 5 lqwr
E5�c 52c éééc 5&ä vxfk wkdw wkh frqglwlrqdo ghqvlwlhv/ Z E5ð m 5�c 52c éééc 5ð3�c 5ðn�c éééc 5&ä
duh hdv| wr vlpxodwh iurp iru doo ð1 Wkhq wkh Jleev vdpsolqj dojrulwkp lv=
+d, Lqlwldol}h 5f ' E5f�c 5

f
2 c éééc 5

f
&ä dqg vhw ? ' f1

+e, Vlpxodwh 5?n�� å Z
í
5?n�� m 5?2 c 5?ô ééé5?&

ì
>

5?n�2 å Z
í
5?n�2 m 5?n�� c 5?ô ééé5

?
&

ì
>

5?n�ô å Z
í
5?n�ô m 5?n�� c 5?n�2 c 5?e c ééé5

?
&

ì
>111

5?n�& å Z
í
5?n�& m 5?n�� c 5?n�2 c éééc 5?n�&3�

ì
11

+f, Vhw ? ' ?n �/ dqg uhwxuq wr +e,1
PFPF wkhru| vkrzv wkdw wklv surfhgxuh zloo jhqhudwh d vdpsoh i5?jù�?'ùf

iurp Z E5ä zkhuh ùf lv fkrvhq wr jlyh dq| h>hfwv gxh wr lqlwldol}dwlrq ri 5f dq
rssruwxqlw| wr glh rxw1 Vrphwlphv/ zkloh lw lv gl!fxow wr vlpxodwh iurp doo ri wkh
frqglwlrqdo ghqvlwlhv Z E5ð m 5�c 52c éééc 5ð3�c 5ðn�c éééc 5&ä/ wkhuh lv d zd| wr dxjphqw
wkh gdwd zlwk d odwhqw yduldeoh vr wkdw doo ri wkh qhz frqglwlrqdo ghqvlwlhv fdq eh
vlpxodwhg iurp> vxfk dq dssurdfk lv fdoohg Jleev vdpsolqj zlwk gdwd dxjphqwd0
wlrq1

Uhwxuqlqj wr rxu Ed|hvldq hvwlpdwlrq sureohp/ ohw*v vd| i+Wð jùð'� wkdw kdv wkh
iroorzlqj surshuwlhv=
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d, wkh srvwhulru glvwulexwlrq ri +Wð jlyhq E+ðc wä lv hdv| wr vlpxodwh iurp/ dqg
e, wkh srvwhulru glvwulexwlrq ri w jlyhq E+Wð c +ðä dqg wkh sulru glvwulexwlrq ri w lv
hdv| wr frpsxwh dqg vlpxodwh iurp1
Dvvxph wkhuh lv d i+Wð jùð'� wkdw vdwlv?hv wkhvh wzr frqglwlrqv1 Wkhq wkh Jleev
vdpsolqj zlwk gdwd dxjphqwdwlrq dojrulwkp gudzv i+Wð jùð'� jlyhq i+ðjùð'� dqg w/
wkhq gudzv w jlyhq qhz i+Wð c +ðjùð'�/ dqg uhshdwv wklv surfhvv ryhu dqg ryhu djdlq1
Wkh gudzv ri w surylgh lqirupdwlrq derxw wkh srvwhulru glvwulexwlrq ri w1 Wkh
dojrulwkp lv=
+d, Dvvxph d sulru glvwulexwlrq iru w1 Fkrrvh -f vxfk wkdw wkh ?uvw -f gudzv zloo
qrw frxqw dqg -� vxfk wkdw wkh surfhvv zloo vwrs diwhu -� gudzv1 Vhw o ' f1
+e, Vlpxodwh rqh gudz ri w iurp lwv srvwhulru glvwulexwlrq1
+f, Li o : -f/ vwruh wkh gudz ri w dv gudz o ý-fé
+g, Li o : -�/ wkhq o ' o n � dqg jrwr +j,1
+h, Vlpxodwh rqh gudz ri i+Wð jùð'� frqglwlrqdo rq

í
i+ðjùð'� c w

ì
1

+i, Hydoxdwh dqdo|wlfdoo| wkh srvwhulru glvwulexwlrq iru w jlyhq iE+ðc +Wð äjùð'�1 Lq0
fuhphqw o ' o n �1 Jrwr +e,1
+j, Xvh wkh -� ý -f gudzv ri w dv d udqgrp vdpsoh ri gudzv ri w dqg frpsxwh
dq| vdpsoh fkdudfwhulvwlfv ghvluhg1

Pdunry fkdlq wkhru| lpsolhv wkdw wkh Jleev vdpsolqj dojrulwkp ghvfulehg
deryh zloo surgxfh d glvwulexwlrq ri gudzv ri w fruuhvsrqglqj wr wkh srvwhulru
glvwulexwlrq ri w frqglwlrqdo rq iE+ðc fðäjùð'�1 Vhh/ iru h{dpsoh/ Fdvhood dqg Jhrujh
+4<<5,/ Jhoidqg dqg Vplwk+4<<3,/ Jhpdq dqg Jhpdq+4<;7,/ dqg Wdqqhu dqg
Zrqj+4<;:, iru pruh derxw Pdunry fkdlqv1

Frqvlghu krz Jleev vdpsolqj zlwk gdwd dxjphqwdwlrq fdq eh dssolhg wr wkh
pxowlqrpldo surelw sureohp145 Wr vlpsoli| h{srvlwlrq/ dvvxph zh nqrz l dqg
rqo| qhhg wr hvwlpdwh q1 Dvvxph q� ' f dv d qrupdol}lqj idfwru1 Iru vwhs +d,/ zh

qhhg d sulru glvwulexwlrq iru
q
qæ
ra
æ'2

1 Li zh slfn -f elj hqrxjk dqg wkh sulru zlwk

d odujh hqrxjk yduldqfh/ wkhq wkh fkrlfh ri sulru zloo ehfrph luuhohydqw1 Wkxv/
slfn wkh sulru wr eh gl>xvh1 Wkh gl>xvh sulru pdnhv lw hdv| wr frpsxwh srvwhulru

glvwulexwlrqv iru
q
qæ
ra
æ'2

1 Qh{w/ ohw +Wð eh wkh odwhqw yduldeoh dvvrfldwhg zlwk +ð=

+Wð& ' fðq& n üð&c & ' �c 2c éééc ac ð ' �c 2c éécù +614<,

zkhuh üð å ù dfclo1

45Wklv lv ghvfulehg lq pxfk pruh ghwdlo lq PfFxoorfk dqg Urvvl +4<<9,1
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Iru vwhs +e,/ zh qhhg wr vlpxodwh q iurp lwv srvwhulru glvwulexwlrq1 Vlqfh/ dw
dq| lwhudwlrq ri wkh dojrulwkp/ q lv qrupdo/ zh fdq vlpxodwh q xvlqj wkh phwkrg
ghvfulehg lq Vhfwlrq 51

Iru vwhs +h,/ zh qhhg wr vlpxodwh i+Wð jùð'� frqglwlrqdo rq
í
i+ðjùð'� c q

ì
1 Vlqfh

wkh revhuydwlrqv duh lqghshqghqw/ zh qhhg rqo| vlpxodwh +Wð frqglwlrqdo rq E+ðc qä
iru hdfk ð ' �c 2c ééc ù vhsdudwho|1 Ohw æ eh wkh fkrvhq fkrlfh1 Wkhq

fðqæ n üðæ : fðq& n üð& ;& 9' æ +6153,

ru
üWðæ& ÷ fð

í
qæ ý q&

ì
;& 9' æ +6154,

zkhuh üWðæ& ' üð& ý üðæ é Wkh huuruv üWðæ& ;& 9' æ fdq eh vlpxodwhg xvlqj wkh JKN
dojrulwkp/ dqg wkh +Wð& fdq eh frqvwuxfwhg ;& 9' �46 dv

+Wð& ' fðq& n ü
W
ðæ& ý üWðæ�é +6155,

Dowhuqdwlyho|/ zh fdq xvh dq dffhswdqfh0uhmhfwlrq vlpxodwru1
Iru vwhs +i,/ zh qhhg wr hydoxdwh wkh srvwhulru glvwulexwlrq ri q jlyhq i+Wð jùð'�1

Vlqfh üðæ å ù Efc /ææä iru hdfk ð dqg æ/ +Wðæ å ù
k
fðqæc /ææ

l
zklfk phdqv wkdw

frpsxwlqj d srvwhulru glvwulexwlrq iru q lqyroyhv uxqqlqj dq ROV uhjuhvvlrq ri +W

rq f1
Iru vwhs +j,/ wkh vdpsoh ri -�ý-f gudzv ri q duh glvwulexwhg iurp wkh glvwul0

exwlrq ri q frqglwlrqdo rq wkh gdwd +lqfoxglqj wkh ghshqghqw yduldeohv i+ðjùð'�,1 D
ihz qrwhv ri fdxwlrq duh lq rughu khuh1 Iluvw/ wkh gudzv ri q duh qrw lqghshqghqw
hyhq wkrxjk dq| ghshqghqfh glhv rxw dv wkh qxpehu ri gudzv ehwzhhq wzr gudzv
ehfrphv odujh1 Wkxv/ zh pxvw qrw frpsxwh dq| vwdwlvwlfv wkdw ghshqg xsrq wkh
rughulqj ri wkh gudzv1 Vhfrqg/ wkh gudzv duh frqglwlrqdo rq i+ðjùð'�1 Wklv lv txlwh
gl>huhqw wkdq zkdw zh zrxog h{shfw lq fodvvlfdo vwdwlvwlfdo dqdo|vlv +zkhuh zh
zrxog frqglwlrq rq rqo| wkh h{rjhqrxv yduldeohv,1 Wkh h>hfw ri wklv lv wkdw wkh
uhvhdufkhu grhv qrw nqrz krz wkh hvwlpdwru zrxog kdyh ehkdyhg kdg d gl>huhqw
uhdol}dwlrq ri wkh gdwd ehhq revhuyhg1 Wklv lv d ixqgdphqwdo gl>huhqfh ehwzhhq
fodvvlfdo hvwlpdwruv dqg Ed|hvldq hvwlpdwruv1 Wkhuh duh rwkhu uhdvrqdeoh +dqg
shukdsv ehwwhu, fkrlfhv iru lpsohphqwlqj wkh Jleev vdpsohu wr wkh pxowlqrpldo
surelw sureohp1 Wkh uhdo lvvxhv lqyroyh dovr hvwlpdwlqj l1 Vhh PfFxoorxjk dqg
Urvvl+4<<7/ 4<<9, ru Doehuw dqg Fkle+4<<6, iru d pxfk pruh h{whqvlyh glvfxvvlrq1

Wkh xqrevhuyhg khwhurjhqhlw| frxqw sureohp lv dovr hdvlo| dgdswdeoh wr Jleev
vdpsolqj1 Wkh gdwd vkrxog eh dxjphqwhg zlwk ibð|jA|'� cùð'� dqg lwv sulru vkrxog eh

46Uhfdoo wkdw fkrlfh 4 lv wkh edvh fkrlfh1
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qrupdo1 Vwhsv +e, dqg +i, duh wkh vdph dv lq wkh pxowlqrpldo surelw sureohp1 Vwhs
+h, lqyroyhv vlpxodwlqj bð| frqglwlrqdo rq E+ð|c qä zklfk lv qrw dv vwudljkwiruzdug1
Wkh ghqvlw| ri bð| frqglwlrqdo rq E+ð|c qä lv

s Ebð| m +ð|c qä ' ä E+ä e3bð|b+ð|3�ð| è

#
*L} bð| ýfð|q

jb

$
+6156,

zkhuh jb lv wkh vwdqgdug ghyldwlrq ri wkh frpsrvlwh huuru lq htxdwlrq +4145,/ è
lv wkh vwdqgdug qrupdo ghqvlw| ixqfwlrq/ dqg ä E+ä lv d sursruwlrqdolw| frqvwdqw
fkrvhq vr wkdw htxdwlrq +6156, lqwhjudwhv wr rqh1 Rqh fdq hydoxdwh wkh lqwhjudo
ri htxdwlrq +6156, qxphulfdoo| iru hdfk ydoxh ri + ' fc �c éé iru d ?qlwh qxpehu ri
srlqwv= B/ 2B/11/ gB iru vrph vpdoo B1 Iljxuh 4 gudzv wkh dssur{lpdwh glvwulexwlrq
fxuyhv iru + ' fc �c ééc Dc B ' éf�/ dqg g ' �fff1 Wkhq rqh fdq xvh wkh glvfuhwl}hg
glvwulexwlrq dv dq dssur{lpdwlrq wr gudz b iurp1 Wklv lv htxlydohqw wr gudzlqj d
udqgrp srlqw rq wkh yhuwlfdo d{lv ri Iljxuh 4 +h1j1/ srlqw D,/ gudzlqj d krul}rqwdo
olqh wr wkh fxuyh fruuhvsrqglqj wr + +h1j1/ î zkhq + ' e, dqg fkrrvlqj b wr eh
wkh krul}rqwdo frpsrqhqw ri wkh fxuyh dw wkdw yhuwlfdo srlqw +h1j1/ srlqw ä,1

D jhqhudol}dwlrq ri Jleev vdpsolqj lv wkh Phwursrolv0Kdvwlqjv +PK, dojrulwkp
ghvfulehg lq/ iru h{dpsoh/ Fkle dqg Juhhqehuj+4<<7,1 Uhwxuqlqj wr rxu jhqhudo
qrwdwlrq/ ohw R E5?n� m 5?ä eh wkh ghqvlw| zh zdqw wr vlpxodwh iurp vr wkdw zh fdq
jhqhudwh d vdpsoh zlwk ghqvlw| Z E5ä/ exw dvvxph lw lv gl!fxow wr vlpxodwh iurp
R E5?n� m 5?ä gluhfwo|1 Ohw ^ E5?n� m 5?ä eh d 3fdqglgdwh ghqvlw|4 fkrvhq dffruglqj
wr fulwhuld ghvfulehg lq Fkle dqg Juhhqehuj+4<<7,1 Wkhq wkh PK dojrulwkp lv=
+d, Lqlwldol}h 5f dqg vhw ? ' f1
+e, Vlpxodwh 5?n� iurp ^ E5?n� m 5?ä dqg nhhs lw zlwk suredelolw| k E5?n�c 5?ä zkhuh

k
í
5?n�c 5?

ì
'

;?= 4ð?
é
�c

ZE5?n�ä^E5?�5?n�ä
ZE5?ä^E5?n��5?ä

è
li Z E5?ä ^ E5?n� m 5?ä : f

� rwkhuzlvh1
+6157,

+f, Vhw ? ' ?n � dqg uhwxuq wr +e,1
Wkh PK dojrulwkp lv hvvhqwldoo| d vrsklvwlfdwhg dffhswdqfh0uhmhfwlrq phwkrg1 Wkh
dffhswdqfh suredelolw| k E5?n�c 5?ä ryhuvdpsohv wudqvlwlrqv zkhuh Z E5?n�ä *Z E5?ä
lv kljk uhodwlyh wr ^ E5?n� m 5?ä *^ E5? m 5?n�ä1 Jleev vdpsolqj lv d vshfldo fdvh ri
wkh PK dojrulwkp iru ^ E5?n� m 5?ä ehlqj wkh frqglwlrqdo ghqvlw| dqg k E5?n�c 5?ä '
�1 Wkh gl!fxow sduw ri lpsohphqwlqj wkh PK dojrulwkp lv fkrrvlqj wkh fdqglgdwh
ghqvlw| ^ E5?n� m 5?ä1 Rqh zdqwv d ^ E5?n� m 5?ä wkdw pryhv durxqg idvw hqrxjk vr
wkdw wkh zkroh vxssruw ri Z E5ä lv vdpsohg exw vorz hqrxjk vr wkdw k E5?n�c 5?ä
lv qrw wrr vpdoo1 Dovr/ lw lv zruwkzkloh wr kdyh d fdqglgdwh ghqvlw| vxfk wkdw
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^ E5?n� m 5?ä ' ^ E5? m 5?n�ä147 Fkle dqg Juhhqehuj vxjjhvw xvlqj fdqglgdwh ghq0
vlwlhv ri wkh irup ^ E5?n� m 5?ä ' ^� E5

?n� ý 5?ä ru ^ E5?n� m 5?ä ' ^2 E5
?n�ä1 Wkh|

dovr surylgh dq h{dpsoh hvwlpdwlqj dq DUPD prgho zlwk uhjuhvvruv xvlqj wkh
PK dojrulwkp1

6181 Hpslulfdo Frpsdulvrq ri Phwkrgv

D qxpehu ri vwxglhv kdyh frpsduhg wkh shuirupdqfh ri ydulrxv vlpxodwruv dqg
hvwlpdwlrq phwkrgv hvshfldoo| iru wkh pxowlqrpldo surelw sureohp1 Wklv vhfwlrq
vxppdul}hv wkh uhvxowv ri irxu ri wkrvh vwxglhv dqg suhvhqwv vrph qhz uhvxowv
irfxvlqj rq txhvwlrqv wkdw duh qhjohfwhg lq wkh rwkhu vwxglhv1

Eruvfk0Vxsdq dqg Kdmlydvvlolrx +4<<6, frpsduh wkh JKN vlpxodwru wr wkh
Vwhuq vlpxodwru dqg d iuhtxhqf| vlpxodwru1 Wkh| suhvhqw frqylqflqj hylghqfh
wkdw wkh JKN vlpxodwru kdv d vljql?fdqwo| vpdoohu vwdqgdug ghyldwlrq wkdq wkh
rwkhu wzr vlpxodwruv1 Wkh| ixuwkhu vkrz wkdw wkh vwdqgdug ghyldwlrq ri wkh JKN
vlpxodwru lv vpdoo hqrxjk vr wkdw lw fdq eh xvhg lq dq PVO hvwlpdwlrq urxwlqh
surylglqj sdudphwhu hvwlpdwhv zlwk vpdoo urrw phdq vtxduhg huuruv +UPVH*v,1
Kdylqj d jrrg vlpxodwru zlwk d vpdoo vwdqgdug ghyldwlrq iru PVO lv lpsruwdqw
ehfdxvh/ xqolnh PVP/ PVO grhv qrw surylgh frqvlvwhqw hvwlpdwhv iru ?{hg -1

Kdmlydvvlolrx/ PfIdgghq/ dqg Uxxg +4<<7, frpsduh whq gl>huhqw vlpxodwruv
+lqfoxglqj wkh Vwhuq vlpxodwru/ d Jleev vdpsohu/ dqg d nhuqho vprrwkhg vlpxodwru,
lq whupv ri wkh UPVH ri wkh pxowlqrpldo surelw suredelolw| dqg lwv ghulydwlyhv1
Wkh| frqvlghu d odujh fodvv ri Tæ*v dqg lWæ *v1 Wkh| ?qg wkdw wkh JKN vlpxodwru
shuirupv wkh ehvw ryhudoo1 Lq sduwlfxodu/ lw shuirupv zhoo uhodwlyh wr wkh dowhuqdwlyhv
zkhq lWæ glvsod|v kljk fruuhodwlrq whupv1 Wkh| surylgh qr uhvxowv frqfhuqlqj
sdudphwhu hvwlpdwhv1

Jhzhnh/ Nhdqh/ dqg Uxqnoh +4<<7d, frpsduh PVP xvlqj JKN/ PVO xvlqj
JKN/ Jleev vdpsolqj/ dqg nhuqho vprrwklqj1 Lq dq xquhvwulfwhg hvwlpdwlrq sur0
fhgxuh +lqfoxglqj fryduldqfh sdudphwhuv,/ PVP0JKN dqg Jleev vdpsolqj grp0
lqdwhg PVO0JKN1 Nhuqho vprrwklqj zdv grplqdwhg e| doo phwkrgv1 Lq ydulrxv
uhvwulfwhg prghov/ wkh shuirupdqfh ri PVO0JKN lpsuryhg1 Lq jhqhudo/ dv pruh
uhvwulfwlrqv zhuh sodfhg rq wkh prgho/ wkh shuirupdqfh ri PVP0JKN/ PVO0JKN/
dqg Jleev vdpsolqj frqyhujhg1 Exw Jleev vdpsolqj vhhphg wr grplqdwh rwkhu
phwkrgv ryhudoo1

Jhzhnh/ Nhdqh/ dqg Uxqnoh +4<<7e, frpsduh PVP0JKN/ PVO0JKN/ dqg
Jleev vdpsolqj lq wkh uhodwhg pxowlqrpldo pxowlsoh shulrg surelw prgho1 Wkh|

47Wklv vlpsol?hv hydoxdwlrq ri ò
ý
}q.4> }q

ü
dprqj rwkhu wklqjv1
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?qg wkdw Jleev vdpsolqj grplqdwhv dqg PVP0JKN lv vhfrqg1 Hvwlpdwhg vwdq0
gdug huuruv duh jrrg iru Jleev vdpsolqj dqg PVP0JKN exw duh grzqzdug eldvhg
iru PVO0JKN1

Qrqh ri wkhvh phwkrgv frpsduh wkh frpsxwdwlrqdo frvw ri wkh dowhuqdwlyhv1
Frpsxwdwlrqdo frvw lv lpsruwdqw ehfdxvh wkh vlpxodwruv duh hvvhqwldoo| d phwkrg
wr uhgxfh frpsxwdwlrq wlph> li wlph zdv qrw dq lvvxh/ zh frxog frpsxwh wkh
uhohydqw lqwhjudov qxphulfdoo| xvlqj duelwudulo| suhflvh dssur{lpdwlrq phwkrgv ru
zh frxog vlpxodwh wkhp ohwwlqj - eh dq duelwudulo| odujh qxpehu1 Li rqh phwkrg
wdnhv wzlfh dv pxfk wlph dv dqrwkhu iru d jlyhq -/ wkhq d idlu frpsdulvrq uhtxluhv
xvlqj gl>huhqw - iru hdfk phwkrg wr surgxfh frpsdudeoh wlphv1 Dovr qrqh ri
wkh phwkrgv frqvlghuv wkh h>hfw ri xvlqj dqwlwkhwlf dffhohudwlrq +DD, ghvslwh
Jhzhnh*v vwurqj wkhruhwlfdo uhvxowv1

Wdeoh 4 suhvhqwv wkh uhvxowv ri d vpdoo Prqwh Fduor vwxg|1 Lwv uhvxowv vkrxog
eh lqwhusuhwhg dv vxjjhvwlyh ri zkhuh pruh zrun qhhgv wr eh grqh1 Wkh phwkrgv
wkdw duh frpsduhg duh PVP0JKN/ PVP0Vwhuq/ PVO0JKN/ PVO0Vwhuq/ Jleev
vdpsolqj +zlwk dffhswdqfh0uhmhfwlrq,/ dqg PVP0NV +nhuqho vprrwklqj,1 Wkuhh
gl>huhqw prghov duh xvhg= d, l lv gldjrqdo dqg ù +vdpsoh vl}h, ' Dff/ e, l lv
gldjrqdo dqg ù ' �fff/ dqg f, l fruuhvsrqgv wr dq ø- E�ä surfhvv zlwk 4 ' éb
dqg ù ' �fff1 H{fhsw iru Jleev vdpsolqj/ uhvxowv duh uhsruwhg zlwk dqg zlwkrxw
DD1 UPVH uhvxowv dqg dyhudjh wlphv shu hvwlpdwlrq surfhgxuh duh uhsruwhg1

Nhuqho vprrwklqj phwkrgv shuiruphg srruo| lq whupv ri UPVH ri wkh vlp0
xodwhg pxowlqrpldo surelw suredelolwlhv1 Dovr/ pruh lpsruwdqwo|/ lwv ghulydwlyhv
zlwk uhvshfw wr sdudphwhuv zhuh srruo| ehkdyhg lq wkdw li wkh edqgzlgwk sd0
udphwhu zdv vpdoo/ wkh ghulydwlyhv zhuh yhu| yrodwloh +dqg wkhuhiruh ghulydwlyh
edvhg rswlpl}dwlrq dojrulwkpv iru hvwlpdwlrq ehkdyhg srruo|,/ dqg li lw zdv odujh/
sdudphwhu eldv zdv yhu| odujh1 Wkxv nhuqho vprrwklqj phwkrg uhvxowv duh qrw
uhsruwhg1 Lq whupv ri UPVH/ Jleev vdpsolqj hvwlpdwruv ehkdyh uhdvrqdeo| zhoo1
Exw wkh dprxqw ri wlph lqyroyhg lv dq rughu ri pdjqlwxgh juhdwhu wkdq iru wkh
PVP dqg PVO hvwlpdwhv148 Wkxv/ wkhuh duh rqo| olplwhg uhvxowv uhsruwhg iru wkh
Jleev vdpsohuv1

Wkh uhpdlqghu ri wkh glvfxvvlrq irfxvhv rq PVP/ PVO/ JKN/ Vwhuq/ dqg
DD1 Iluvw/ lw lv fohdu wkdw PVO grplqdwhv PVP lq wkhvh h{dpsohv1 Lw surylghv
vpdoohu UPVH*v dqg lw uhtxluhv ohvv frpsxwdwlrq wlph1 JKN grplqdwhv Vwhuq lq
whupv ri UPVH/ exw Vwhuq lv vljql?fdqwo| idvwhu1 Rqh pljkw frqvlghu xvlqj Vwhuq

48Lw vkrxog eh qrwhg wkdw lq wkhvh Prqwh Fduor h{shulphqwv/ L dp frqglwlrqlqj rq wkh wuxh
ydoxh ri ó1 Lw pljkw eh wkh fdvh wkdw wkh Jleev vdpsohu shuirupv ehwwhu uhodwlyh wr wkh rwkhu
phwkrgv zkhq ó dovr lv hvwlpdwhg1
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zlwk wzlfh dv odujh -1 Xquhsruwhg Prqwh Fduor h{shulphqwv vxjjhvw wkdw iru wkh
h{dpsohv xvhg khuh wkh vwdqgdug ghyldwlrq ri wkh pxowlqrpldo surelw suredelolwlhv
lv derxw wzlfh dv odujh iru wkh Vwhuq vlpxodwru dv iru wkh JKN vlpxodwru zkhq
- ' �f1 Wklv zrxog vxjjhvw wkdw grxeolqj - iru wkh Vwhuq vlpxodwru +uhodwlyh wr
wkh JKN vlpxodwru, zrxog pdnh wkh JKN vlpxodwru pruh h!flhqw e| d idfwru
ri
s
21 Wkxv/ wkhvh uhvxowv duh frqvlvwhqw zlwk Eruvfk0Vxsdq dqg Kdmlydvvlolrx/

vxjjhvwlqj wkdw PVO0JKN surylghv hvwlpdwhv zlwk wkh vpdoohvw UPVH*v hyhq
diwhu frqwuroolqj iru yduldwlrq lq frpsxwdwlrq wlph1 Edvhg rq uhvxowv lq Eruvfk0
Vxsdq dqg Kdmlydvvlolrx dqg Kdmlydvvlolrx/ PfIdgghq/ dqg Uxxg/ lw suredeo|
shuirupv hyhq ehwwhu iru sdwkrorjlfdo fdvhv zlwk kljko| fruuhodwhg huuruv ru vpdoo
pxowlqrpldo surelw suredelolwlhv1

Wkh srru shuirupdqfh ri DD lv vwulnlqj1 DD doprvw xqlirupo| lpsuryhv wkh
shuirupdqfh ri wkh Vwhuq vlpxodwru1 Exw lw ehkdyhv srruo| iru wkh JKN vlpxod0
wru1 Krzhyhu/ Wdeoh 5 vkrzv wkdw DD vljql?fdqwo| uhgxfhv wkh vwdqgdug ghyldwlrq
ri wkh vlpxodwhg pxowlqrpldo surelw suredelolwlhv iru JKN/ Vwhuq/ dqg nhuqho
vprrwklqj1 Wklv dssduhqw sdudgr{ rffxuv ehfdxvh ri wkh vpdoo vdpsoh surshuwlhv
ri phwkrg ri prphqwv +PRP, dqg pd{lpxp olnholkrrg +POH,1 Lq rwkhu zrugv/
wkh UPVH ri PRP dqg POH grplqdwh dq| h{wud udqgrpqhvv fdxvhg e| vlpxod0
wlrq1 Wklv lv yhul?hg e| xquhsruwhg uhvxowv vkrzlqj wkdw zkhq - lv lqfuhdvhg wr
83/ PVO0JKN dqg PVO0Vwhuq UPVH*v frqyhujh wr hdfk rwkhu zlwk ru zlwkrxw
DD dqg wkh| duh vlplodu wr wkh UPVH*v iru wkh fdvh zkhq - ' D zlwk DD ru
- ' �f zlwkrxw DD1 Wkh erwwrp olqh lv wkdw iru PVP dqg PVO/ wkh fkrlfh ri
vlpxodwlrq phwkrg kdv d vhfrqg rughu h>hfw rq UPVH uhodwlyh wr UPVH fdxvhg
e| wkh xqghuo|lqj hvwlpdwlrq phwkrg1 Wklv ixuwkhu vxjjhvwv wkdw frpsxwdwlrq
wlph lvvxhv vkrxog eh jlyhq kljk sulrulw|1
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Wdeoh 4
Prqwh Fduor Hvwlpdwlrq Uhvxowv

Uhvxowv iru Gldjrqdo Fryduldqfh Pdwul{
Q @ 833

z2 Dqwlwkhwlf Dffhohudwlrq zr2 Dqwlwkhwlf Dffhohudwlrq
Phwkrg Dyj UPVH Dyj Wlph Dyj UPVH Dyj Wlph
PVP0JKN 315<< 688<13 3158: 66:61;
PVP0Vwhuq 315:3 437:13 315;; 43<:13
PVO0JKN 3157: 48:413 31579 48<;1;
PVO0Vwhuq 31587 9871< 31585 9:71:
Jleev 31596 4944<1<

Uhvxowv iru Gldjrqdo Fryduldqfh Pdwul{
Q @ 4333

z2 Dqwlwkhwlf Dffhohudwlrq zr2 Dqwlwkhwlf Dffhohudwlrq
Phwkrg Dyj UPVH Dyj Wlph Dyj UPVH Dyj Wlph
PVP0JKN 314;4 97:31< 3149: 95;614
PVP0Vwhuq 314:6 4<4417 314;9 533913
PVO0JKN 3148; 4<8418 31494 4;;<1<
PVO0Vwhuq 31494 ;3513 31496 ;8613
Jleev 314:3 5<:791<
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Wdeoh 4 frqw*g

Uhvxowv iru Qrq0Gldjrqdo Fryduldqfh Pdwul{
Q @ 4333

z2 Dqwlwkhwlf Dffhohudwlrq zr2 Dqwlwkhwlf Dffhohudwlrq
Phwkrg Dyj UPVH Dyj Wlph Dyj UPVH Dyj Wlph
PVP0JKN 3159: :4<514 31534 9:;51;
PVP0Vwhuq 3168; 575518 31753 589815
PVO0JKN 314:8 54<71; 314<5 534313
PVO0Vwhuq 314;3 444716 314<8 44:713
Qrwhv=
Wkhuh duh 533 Prqwh Fduor gudzv shu h{shulphqw1
Wkhuh duh 9 fkrlfhv dqg 8 h{sodqdwru| yduldeohv shu fkrlfh1
Iru h{shulphqwv zlwk DD/ - ' D/ dqg iru h{shulphqwv zlwkrxw DD/ - ' �f1
Doo h{shulphqwv duh shuiruphg rq dq LEP UV9333 Prgho 6<31
Jleev vdpsolqj uhvxowv duh edvhg rq 43333 gudzv diwhu vnlsslqj 5333 gudzv>

l1h1/ -f ' 2fff dqg -� ' �2fff1
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Wdeoh 5
Suredelolw| Vlpxodwlrqv

zr2 DD z2 DD
JKN 03133383 0313359<

+31366, +31354,
Vwhuq 03133599 031333;9

+3138<, +31356,
Nhuqho Vprrwklqj 3133333 3133333

+313::, +31396,
Qrwhv=
DD lv dqwlwkhwlf dffhohudwlrq1
Iluvw urz iru hdfk vlpxodwlrq phwkrg lv d vdpsoh phdq/ dqg vhfrqg urz

+lq sduhqwkhvhv, lv d vdpsoh vwdqgdug ghyldwlrq1
Wkhuh duh 6333 Prqwh Fduor gudzv shu h{shulphqw1
Wkhuh duh 9 fkrlfhv dqg 8 h{sodqdwru| yduldeohv shu fkrlfh1
Iru h{shulphqwv zlwk DD/ - ' D/ dqg iru h{shulphqwv zlwkrxw DD/ - ' �f1
Doo h{shulphqwv duh shuiruphg rq dq LEP UV9333 Prgho 6<31
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