Chapter 10
Optimization: More than One Choice
Variable

William Stanley Jevons (1835-1882) Carl Menger (1840-1921)

10. Optimization Problems

e Chapter 9: max_u(x) one choice variable: x (consumption)

* Chapter 10: max_ u(x;, )) two choice variables: x; y (leisure)

e Chapter 11: maxx’;, u(x ) st xp,typ, =1 wherep,p, are
exogenous prices and I is exogenous
income.

* With one choice variable, the f.o.c. is defined by setting #’(x) equal

to zero. Note that
u=u(x) = du = u'(x) dx.
— when #/(x) =0 = du=0.

* With two or more choice variables, the f.o.c. is defined by a
differential, when d# equals zero.




Figure 10.1 Stationary Points and the
Tangent Planes of Bivariate Functions

(c* 0)g

10.2 First-order condition

* Given the function z = f{x,))

* Find the total differential
dz = f dx + Jy dy

*Setdz = 0. Then f = f =0 (f.o.c.)

* dz = 0 is a necessary condition for an extreme point. But, like in the
one variable case, it is not sufficient. See Figure 10.4.

« Find the second - order differential :
d’z = f_ dx + 2f,dxdy + f,dy
* Find partial derivatives: f, , f, ., f.. . /., » [,




Figure 10.4 A Saddle Point
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10.2 Second-order & cross partial derivatives
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10.2 Second-order total differential

1) z=f(x,y)

2) dz =a—de+a—Zdy = f.dx+ f dy
Ox oy !

3) d(dz)=d’z = a(adz)dx-i- a(”lz)ary
X

oy
_ o(f.dx + fydy)dx . o(f.dx + fydy)d
ox ﬁy Y

= fxxdx2 + fxdedy + fxdedy + fyydyz
= fxxdx2 + 2fxydxdy + fyydy2

* Note: d?3 is a quadratic form in dy and dx.

10.2 Second-order total differential
* Example: 3 = »° + 2xy + 57

£, =3x>+2y; S, =2x+2y
Jo=06x; f,=2; f,=2

d’z = (6x)dx’ + 4dxdy + 2dy’
First order condition (f.o.c.)
fo=3x%42y*=0; f, =2x*+2y*=0
x*=2/3; y*=2/3

Question : what kind of critical point is (x*, y*)?




10.2 Second-order total differential

o If d’3 <0, evaluated at (x*, y¥), in every x and y direction, then,
(%, %) 1s 2 maximum.

* On the other hand, if d?g > 0, evaluated at (x*, y*), in every x and y
direction, then, (x*, y*) is a minimum.

* We can use d?z to state the second order condition:
- d%z (% ) < 0 for x* and y* to be 2 maximum
- d%z (x* y® > 0 for x* and y* to be a minimum

* When can we know the sign of d?z?

- When f = 0, sign(d*3) is determined by the sign of £ and f:
-If £, < 0and £, <0, then sign(d?*3) <0
~If £, > 0 and £, > 0, then sign(d’3) > 0

- But, in general, £, # 0, then getting the sign(d?g) is not that simple. ,

10.2 Quadratic forms (Again)

* A form is a polynomial expression in which each component term
has a uniform degree. A quadratic form has a uniform 27 degree.

Examples:
9x + 3y + 2% -first degree form.
627 + 25y + 297 -second degree (quadratic) form.
d?z -second degree form in dx and dy.

* Let q be a quadratic form. We say q is:

Positive definite if q is invariably positive (q > 0)

Positive semi-definite if q is invariably non-negative (q = 0)
Negative semi-definite if q is invariably non-positive (q = 0)
Negative definite if q is invariably negative (q < 0)

A quadratic form is said to be indefinite if q changes signs. 10




10.2 Quadratic forms

¢ d?z is a quadratic form in dx and dy:

d’z= f. d<’+ 2 f, dxdy + fyydy2
Letu=dx; v=dy

Leta=f.; b=f,; f.=h
Rewriting d’z :

g =au’ +2huv + by’

Trick to determine sign : complete the square :
n’ h’
g =au’ +2huv + bv* + —v> ——?
a a
2 2 2
g=a(’+ 2ﬁuv + h—zvz)erv2 —h—v2 =a(u+ ﬁv)z +(b——)W*
a a a a a

10.2 Quadratic forms

* Now, we are ready to determine sign(d23):

2
d2z=g=a(u+ TP+ -T2
a a
2
sign (q) depends on a = f,_, sign (fyyf"}—fxy)

* We can write d’g in a more compact form, using linear algebra.

d’z= f_dx’ +2 f, dxdy +fyya’y2

d’z =[dx dy][j}x j}y} {Zx} =u' Hu
xy » y

where u is the vector of 1st derivatives and H is the matrix of
second derivatives (the Hessian). 12




10.2 Sign(d?z) as a Determinant

* Rewrite d?z, using linear algebra:

d
d*z =[dx dy]{?x ?y}{dﬂ

S S — fxy2 is the determinant of the matrix above.
S S

]Fxx>0 2 .
If and|H|>0, thend zis
f.<0

XX

Let |H| =

positive deﬁnite}

negativedefinite

Notation: [H,|: ixi subdeterminant of H (kxk) fori=1, 2, ..., k.

13

In this case, i = 2. Then, |H,| =1, & [H,| = |H|.

10.2 Sign(d?z) as a Determinant: Example

O =4u’ +4uy +3v°

fu:8u+4v; fuu=8; fMV=
fo=4uto6v, f, =4 f, =6
8 4||du
d’Q=|du d
0=l av] {4 6} [a’v}

fo>0 , . [ positive definite
If and |H| > 0,then d°Q is ) .

fu. <0 negative definite

fu=8>0 |H|=48-16=32>0

Q is positive definite — minimum




10.2 Optimization conditions: Summary

1) z= f(x,y) where f, = fi(x,y ),i =1,2
endog. (z)exog. (x,y)pararneters (fo oSS Sn)
2) dz = fidx + f,dy =0 (FOC )solve for (x ,y")
3) d’z= f,dx’ + f,dxdy + f,dvdx + f,,dy’
VTR
S In
max if f, & f,, <0,H|>0
min if f,, & fy, > 0,|H|>0
saddle pointif fi, # f5, H| <0

by |H]=

10.2 Optimization conditions: Summary

Condition Maximum Minimum Saddlepoint
15t order fx(x*ay*)zo fx(x*ay*)=0 fv(x*ﬂy*)ZO
Necessary fy(x*,y*)=0 fy(x*,y*)=0 fy(x*,y*)=0
- e 3)<0 gl )0 )

fW(x*’y*)<O fyy(x*’y*)>0 fyy(X*’y*);
Sufficient fulw>ta  fafw>lo falfw<[fo
Condition |H2|>0 |H2|>0 |H2|<0




10.2 Optimization: Example

Find the extreme value(s) of z = f(x,y). Determine whether they are maxima or minima
z=xX" +xy+2y" +3=x>+1/2xp+1/2xp+2y° +3
First - order total differential

dz= 2xdx+ ydx+ xdy +4ydy

pd
A
_ 2 1| dx WG
et G i
TR
fi=2x+y=0 2 1)x| |0 \\\\“\\\\\‘g&:&:&
fexetr=0 7 et LS

y¥=0,x¥=0, z*=3 0

F.o.c.

2 4
Second - order total differential !
d2 3 2d2 v 2 2 1|l dx The plot of ¥2+x"y+27p243,
z= X+ 2dydx +4d y—[alx dy
1 4| dy
i N 2 1
\H\:f” f‘ =l 4 |H|=f,=2>0, |H)|=7>0
2 J»
=>d"zispd, z is minimum 17
10.2 Optimization: ML Example
We assume 2 explanatory vatiables. The log likelihood function we want to maximize w.r.t. £ is:
T T 1 T
IOgL = f(ylsyza"-ayr | ﬂs 0-2) = 751112”751110-2 - 262 Zr:l (yr 7xl,zﬁ1 7xz,zﬁ2)2
1st derivatives :
OlnL 1 T 1 T
o8 == 257 zlzl 20, —x, B =X, o )(=x,,) = ?Zﬁ(y,xu _xlz,zﬂl =x,,%,5)
olnL 1 T
o = ?thl(ytxz,l —X,%,,5 _xzz,zﬂz)
2
F.o.c.
1 T A A
IS p=3 thl x, = xlz,zﬂl,MLE =X, X, P yug) =0
1 T A -
S, = ;lei VX0 =X, %, Brane _xzz,t:BZ,MLE) =0
T, T - T
L () LX) | B A ' A .
2'1'171 1, Zl’}r 2,r2 1t AI,MLE _ —11:1 Mt - (X X)ﬂMLE - X y
lei (xl,txz,t) thl (xz,,) ﬂZ,MLE =1 ytxz,z
Solution :
= Pus=(X X)Xy 18




10.2 Optimization: ML Example

S.o.c.
1 T 5
fvx = _72 =1 xl,t < 0
O
1 T
fxy = _?thl xz,le,z
1 T 2
fyy :_? BEECYAN 0
1 T, 5 1 T
— T2 thl (‘xl,l ) T2 thl (xz,rxl,z ) 1
Hl=| © o =(-—)’|x" x|,
(o2

1 T 1 T
_?ztzl (xl,txz,t) _?thl (x;t)

T 2
H,|= _L‘tﬂ (le”) <0,
o

PO LD AR WD)
2 0_4

?  (to be determined ...)

10.3 Sign of a quadratic form: Eigenvalue tests

* From Chapter 5: Orthogonally diagonalize a system of equations:

Aw=y
* Pre-multiply both sides by X
XTAw=X1ly=v
XTAXX)w=v (Letv = X1w)
=Av=yv
where A is the eigenvalue (diagonal) matrix.

* Let’s re-write the quadratic form:

d’z=q=f dx’ + 2 f,dxdy + fyydy2

q = [dx dy]{;: ;ﬂ Bﬂ — u'Hu

20

10



10.3 Sign of a quadratic form: Eigenvalue tests

*.Quadratic form:
q=uvHu (note: the Hessian, H, is a symmetric matrix)

* Let u = Ty, where T is the matrix of eigenvectors of H, such that
TT=1I
. Then,
q=yT"HTy=yAy (T"THT =A)
Q= Ayt Ayttt Ly Ay
=> The sign(q) depends on the ;s only.

* We say:
q is positive definite iff A,>0 for all 1.
q is positive semi-definite iff A, 0 for all i.
q is negative semi-definite iff A,=0 for all i.
q is negative definite iff A,<0 for all i.

.. . . 21
q is indefinite if some A,>0 and some A,<0.

10.3 Sign of a quadratic form: Eigenvalue tests

* Example (continuation of 10.2):

b ol T

F.o.c.
fo=2x+y=0
{fy =x+4y=0
y¥=0,x*¥=0, z*¥=3
Calculate matrix of second derivatives

fo So| 21
S Sof 14

=> J, and 4, are positive, q is positive definite

= Tl

, A,=1.58582; A, =4.4142

* . . .
=>Zz 1S minimum ”

11



10.4 n-variable soc principal minors test for

max or min

1-variable test of soc, principal minor test

max : |H1|<O, :(

min : |H1|>0, )

2 —variable test of soc

max : |H1|<O, |H2|>O :(

min : |H1|>O, |H2|>O )

n — variable case soc,

max: [H,|<0,|H,|>0,|H,|<0,..(-1)"|H,|[>0
min:  [H|>0,|H,|>0,|H,|>0,...|H,[>0 )

23

10.4 N-variable case: Example with n=3

Ed

1) z=x"+3y° =3xy +4yw + 6w’
2) dz = fidx + f,dy + f.dw =0
3) f.=2x-3y+0w=0
4) f,=-3x+6y+4w =0
5) f,=0x+4y+12w=0

2 -3 01| «x 0
6) -3 6 4|y|=1|0

0 4 12w 0

w

Solve for x *,y ,

24

12



10.4 N-variable case: Example with n=3

1) z=x"+3y" =3xy+4yw+ 6w’

f.=2x=3y+0w=0, fo=2,1,="3/.=0
f,=-3x+6y+4w=0, w="3/,=6,f,=4
fi=0x+4y+12w=0, Ju=0.1, =41, =12
2 -3 0
H|=|-3 6 4
0 4 12
Principal minors

H|=2>0, [H,[=3>0, [H;|=4>0,
d’z>0 (positive definite) — minimum
Eigenvaluecheck : 4 =(0.04876,5.7940,14.1572). 55

10.5 Economic Applications: Example 1

Multi-product firm.
Assume a competitive firm has revenue and cost functions below.

: * *
Determine Q*, Q,*.

1-2) P, =12, P,, =18,

3-4) R=P10Q1+P20Q2’ C:2Q12+Q1Q2+2Q22

5) T[=R—C=P10Q1+P20Q2—(2Q12+Q1Q2+2Q22) .
on omn arm

6-17) P = P10 - 4Q1 - Qz =0, 2 = on - Q[ - 4Q2 The plat of PIDJ"0[1]+PI20]"0[2}-2°0]1 F2-Q[1 ["Q[2}2°C[2)2.
0, 0,

N i = ] B I Wl )

_ 4P, - P, _402)-18 _

10 ; 2

) @ 15 15 ’

. 4P, -P, 4(18)-12

11 — 20 10 - - 4

) Q: 15 15
12) T =12Q2)+18(4)-2(2) -2} -2(4) =24 +72 -8 -8-32 =48

-4 -1 . . 26

13 — 14)‘H1‘ =4, ‘Hz‘ =1 4l 15 negative definite, max.

13



10.5 Economic Applications: Example 2

* Assumptions behind classical linear regression (CLM) model:
Al)y =X + g is correctly specified.
y y sp
(A2) E[e[X] =0
(A3) Var[e|X] = 6* I
(A4) X has full column rank — rank(X) = k, where T = k.

Objective function: ming Y e2=¢€e=(y-Xp) (y-XP)
= 0y - BXy - yXB +BXXp)
= (c—Pd-dp +PAP)
= (c—2Bd + BAB) }

* First derivative wr.t. B: 'V Yi_,ef = (-2d+2AB)  (kxl vector)

27

10.5 Economic Applications: Example 2

e Recall the rules for vector differentiation of linear functions and
quadratic forms:

(1) Linear function: y=f(x)=x'y+ ®
where x and B are k-dimensional vectors and ® is a constant. Then,

Vix) =y

(2) Quaderatic form: q=f(x)=x'Ax
where X is kx1 vector and A is a kxk matrix, with a;; elements. Then,
VFfx)=A'x+Ax=A+A)x

If A is symmetric, then Vf(x) =2 A x

Now, we apply them to S(x; ) = Y1, e? = g'e = (y - XPB)' (y — XB)
= (v'y - BXy - yXB + PXXP)

14



10.5 Economic Applications: Example 2
* First derivative wr.t. B: VS(x; ) = (2d +2AB)  (kx1 vector)
* Fo.c. (normal equations): -2 X'y — XX b) =0

= XXb=X'y

* Assuming (X'X) is non-singular —i.e., invertible-, we solve for b:

=b=XX)'Xy (a kx1 vector)

* Q: Is b is a minimum? We need to check the s.o.c.
a 1 U — '
3 [ 20Ky - (XX)B] = 2XX

* We have already seen that X'X is a pd matrix (see next slide if you
don’t remember).
= X'Xispd = bisaminl 2

10.5 Economic Applications: Example 2

Definition: A matrix A is positive definite (pd) if z'A z >0 for any z.

In general, we need eigenvalues to check this (all should be positive).
For some matrices, it is easy to check. Let A = X"X.

Then, z'Az =2'X'X z =v'v> 0. = X'Xispd = b isamin!
Since X'X is pd, then | X'X|>0. (Go back to check s.o.c. for MLE)

30

15



